Homework 16 Solutions
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—. The sequence of terms for this series can be formulated as

(@)
14.10) Consider the series Zl por eV
n—

{2: if n is odd
ay =

2% if n is even
n
n n
Notice we have — < — Vn € N. Also, the ratios for this sequence can be formulated as follows
n n
Ap+1 . (713—77;)3 lf n iS Odd
an sijl if n is even
. 2n on3 . .
Notice that 3 < Vn € N. Thus, we have the following calculations
(n+1) n+1
. An+1 . 3 . An+41 . 2n
lim sup = lim =o0>1 and liminf = lim —= =0<1.
n—s00 an n—oon + 1 n—o00 an, n—00 (n + 1)3
So the Ratio Test is inconclusive. But, we have
2n 2 2
li L = lim {/— =1 =-= 1.
e Ve = 0V = m T 12

Therefore, we conclude the series diverges by the Root Test.

[e.e]
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14.3) (b) Consider the series Z —— . Notice that the partial fraction decomposition is
“—n(n+1)
1 1 1

— = WneN
nn+1) n n+l ne

Then, the sequence of partial sums {s,} for the series becomes

1 1 1 1 1 1 1 1
Sp=a1+ag+ ..+ a, = 173 + 373 + 371 + ...+ E_’I’L—Fl .

Vn € N. Therefore, we obtain

Since this is a telescoping sum, we have s, =1 — )
n

o0

and we conclude Z ﬁ =1.
n(n
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5) Let N € N. Also, let Z an, and Z b, be series with a, = b, V¥n > N. For N = 1, the statement is

n=1 n=1

obvious. When N > 1, we have

(o9 9 o9 )
g an converges < g an, converges < g b, converges < g b, converges ,
n=1 n=N n=N n=1

by repeated use of Problem 4 on this worksheet (for m = N —1). Therefore, we conclude Z a, converges

n=1
o
if and only if Z b, converges.
n=1
Note: We could also use the Cauchy Criteria to prove this since |s,, — sy | = [tn, —tm| forn >m > N —1,

where {s,} and {t,} are the sequences of partial sums.
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6) Let Z an, and Z b, be convergent series. Suppose a,, < b, Yn € N and there exists m € N where

n=1 n=1

o o
am < b, Let {s,} and {¢,} be the sequence of partial sums for Z a, and Z by, respectively. Then, we

n=1 n=1
clearly have

Sm=a1+ a2+ ...+ am_1+am <b +by+ ...+ b1+ by = ty,

Plus, we know Zan = Sm + Z an and an =ty + Z b, by Problem 4 on this worksheet.
n=m+1 n=m+1

Moreover, since a, < b, Vn € N, we get Z an < Z b,. Putting all these equalities and inequalities

n=m-+1 n=m-+1
together, we obtain the following

Zan—sm—i- Z an < tm + Z bn_Zb

n=m-1 n=m+1

(o]
Therefore, we conclude if a,, < b, Vn € N and there exists m € N where a,, < b,,, then Z ap < Z b,

n=1 n=1
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7 Let Sy =14+ -+-+...4+—.
) (a) Let Sp =145+ 2+ 4 —
(i) This is true for m = 1, since Sg1 = 1 + 1.

(ii) Let m € N. Suppose that Som > 1+ % is true. Then, we have

S—S+1+1++1>1+m+1+1++1
et et A\ gm gy Tgmyg T T gmdt ) =2 Ty Tgmgy Tamgg T T gmdd
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Since T < o1 — 1 <. < ST < 2m+1,weget
m 1 1 1 m m—+1

where we had 2 terms of omiT Thus, the statement is true for m + 1.

Therefore, by the Principle of Mathematical Induction, we conclude Som > 1 + % ¥Ym € N.

(b) Let M > 0 be given. Without loss of generality, assume M > 1. By Archimedian Property, there
exists m € N such that m > 2(M — 1). Choose N = 2™. Thus, Vn > N, then

%ZSN:@m21+%Zl+M4—D:AL

since {s,} is increasing and using part (a).

Therefore, we conclude lim s, = co and the harmonic series diverges.
n—oo
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8) Suppose that the harmonic series converges, and let E — = s. Then, by definition
n

n=1
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s = —+ -4+ -F-F+=-+-+-+..
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Using Problem 6 on this worksheet along with the Comparison Test, we have

S tyr .ty
STy T T T T T g

Using Problem 3 on this handout with the fact we have a convergent series, we get

T T T P i S I
= 272 177 6" 6 g g) T Tyt T TS

Thus, we obtain s > s, which is clearly a Contradiction! Therefore, the harmonic series must converge.
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9) Suppose Z a, and Z b, are both convergent series with nonnegative terms. Since Z b, converges,
n=1 n=1 n=1

we have lim b, =0 by Nth Term Test. By choosing ¢ = 1 > 0, since {b,} converges to 0, IN € N such
n—oo

that Vn > N, then |b, — 0] < 1. So we have b, <1 Vn > N.
Now, looking the product sequence {a,by,}, we notice anb, < an(1) = a, ¥n > N. Therefore, the

[o.¢] oo
series E anby, converges the the Comparison Test since g a, converges.



