Homework 17 Solutions

15.3) This is an optional homework assignment.

1
vnlnn

o0
15.4) (a) Consider the series Z Notice, we have
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since /n < n Vn € N. Since the series E o diverges by Homework 15.3, the original series diverges
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by the Comparison Test.

o0
1
(b) Consider the series Z ey Notice, we have
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< an for n > 3.
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Since the harmonic series E — diverges by P-series Test (p = 1 < 1), the original series diverges by the
n

n=1
Comparison Test.
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(d) Consider the series E —- Notice, we have
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since Inn < y/n ¥n € N. Since the series Z —5 converges by P-series Test (p = % > 1), the original series
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converges by the Comparison Test.



Worksheet 9 Solutions
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1) (a) True. Suppose Z ap and Z b, are series with all positive terms and Z ap diverges. Since the
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terms a, and b, are all positive, we have 0 < a,, < a, + b, Yn € N. Since the series Z a, diverges , the
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series Z an + by, diverges by the Comparison Test.

n=1

oo
1
(b) False. For a counterexample, consider the harmonic series g — which diverges (P-series Test with
n
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p=1<1) and the series E — — —. The second series diverges because g — converges (P-series Test
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with p =2 > 1) and E — diverges (P-series Test with p = 1 < 1). Combining the two series through
n
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addition gives us
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which is a convergent series (P-series Test with p =2 > 1).

2) (a) There are two cases to consider: 1) z > 0 or 2) z < 0.

For case 1), suppose > 0, then 0 < z + |z| < 2|z| since = + |z| = 2z = 2|z|.
For case 2), suppose z < 0, then 0 < z + |z| < 2|z| since x + |z| =2 — x = 0.
Either case, we conclude 0 < x + |z| < 2|z| Vz € R.
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(b) Suppose Z |an| converges. Then, the series 22|an| converges by Homework 14.5b. By (a), we
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have 0 < ay, + |an| < 2|a,| Vn € N. Since 22]0,”] converges, the series Zan + |ay,| converges by the
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Comparison Test.
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(c) Suppose Z lan| converges. Then, the series Z—\an\ converges by Homework 14.5b. By (b),
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we also have the series E an + |ap| converges. Thus, the resulting series E (an + |an|) = |an] = E an,

converges by Homework 14.5a.
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Therefore, we conclude if g |ay| converges, then g an converges as well.
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4) Consider the series Z(_l)nﬂ

n=1

. Writing out the series, we get
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Notice that
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so the sequence of terms {a,} are not eventually decreasing. Therefore, we conclude that the Alternating
Series Test does not apply here.

Looking at the sequence of partial sums {s,}, we see a pattern with the subsequence of even terms. In
particular, let {sor} be a subsequence to {s,}. Then, we have
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The corresponding series to the subsequence of partial sums {sgy} is E — == E — which is the divergent
— 2k 2 P k

harmonic series. Then, klim Sop, = 00, and consequently, lim s, = co. Therefore, we conclude the original
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series diverges.



