Homework 4 Solutions

4.1e-4.4¢e) Consider

)
2) Lower bounds: 0, -1,
3)sup S =1, max S =1

4) inf S = 0, min S does not exist

1) Upper bounds: 1, 2, 19, ...
5
_g, cee

4.1g-4.4g) Consider
S:=100,1U[2,3]={x:0<z<lor2<z<3}.

1) Upper bounds: 3, m, 100, ...
2) Lower bounds: 0, -7, -51, ...
3)sup S = 3, max S =3
4)inf S =0, min S =0

4.3j-4.4j) Consider

1 11 1
{ g " E } { 379 27 }

3) sup S = 1, max S does not exist
4)inf S = 2, min S = 2

4.3s-4.4s) Consider
G [l {11111
=gy inisprimer =90, 000 oy
3) supS:%,maxS:%
4) inf S =0, min S does not exist

Notes:
(1) In 3j, we could prove that sup S = 1 using the Archimedean Property and the fact that 3" >

n VYn € N.
(2) In 4s, we could prove that inf S = 0 using the Archimedean Property and the fact that there are

infinitely many primes.

4.7) (b) Suppose S,T C R are nonempty bounded sets. Without loss of generality, we assume sup S >
sup T, so max{sup S,sup T} = sup S. Since S C SUT, we have sup S < sup (SUT) by problem 4.7a.



If x € SUT, then eitherz € Sorx € T. If x € S, thenx < sup S. If x € T, thenx < sup T < sup S.
Thus, since x € S UT was arbitrary, we have x < sup S Vx € SUT. Hence, sup S is an upper bound,
and we obtain sup (SUT) <sup S.

Therefore, since we have sup S < sup (SUT) and sup (SUT) < sup S, we conclude sup (SUT) =
sup S = max{sup S,sup T'}.

4.8) (b) Suppose S, T C R are nonempty with s <t Vs € Sand Vt € T. Let t € T. Since s <t Vs € S,
t is an upper bound for S, so sup S < t. Since t € T was arbitrary, we have sup S <t Vt € T. Therefore,
sup S is a lower bound for T, and we conclude sup S < inf T'.



Worksheet 2 Solutions

7) Suppose a,b € R with a > 0 and b > 0. Since (a — b)? > 0, we have a? — 2ab + b*> > 0. Adding 4ab
to both sides, gives us
a?® + 2ab + b* > 4ab = (a + b)? > 4ab.

Taking the positive square root of both sides, we have

b
a+b22\/@:>\/%§%.

Thus, we conclude

\/@ga;b.

2) Suppose r € Q. Then we have two cases: (1) r <0 or (2) r > 0.

For case (1), suppose 7 < 0. Then, we can easily choose n = 1 € N since r < 0 < 1, and we obtain
r<n.

For case (2), suppose r > 0. Then, by the Archimedean Property (with a =1 > 0 and b = r > 0),
dn € N such that » < In = n. Thus, we have an n € N with r < n.

Therefore, we conclude if r € Q, then In € N with r < n.

Note: This shows (with a little work) that Q satisfies the Archimedean Property.



