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FIGURE 2.6 The positions and slopes of four secants through the point P on the fruit fly graph (Example 5).

Exercises 2.1

The values in the table show that the secant slopes rise from 8.6 to 16.4 as the
t-coordinate of O decreases from 45 to 30, and we would expect the slopes to rise slightly
higher as ¢ continued on toward 23. Geometrically, the secants rotate about P and seem to
approach the red tangent line in the figure. Since the line appears to pass through the
points (14, 0) and (35, 350), it has slope

350 — 0

35— 14
On day 23 the population was increasing at a rate of about 16.7 flies/day.

= 16.7 flies/day (approximately).

The instantaneous rates in Example 2 were found to be the values of the average
speeds, or average rates of change, as the time interval of length % approached 0. That is,
the instantaneous rate is the value the average rate approaches as the length % of the in-
terval over which the change occurs approaches zero. The average rate of change corre-
sponds to the slope of a secant line; the instantaneous rate corresponds to the slope of
the tangent line as the independent variable approaches a fixed value. In Example 2, the
independent variable ¢ approached the values ¢+ = 1 and r = 2. In Example 3, the inde-
pendent variable x approached the value x = 2. So we see that instantaneous rates and
slopes of tangent lines are closely connected. We investigate this connection thoroughly
in the next chapter, but to do so we need the concept of a limit.

Average Rates of Change

In Exercises 1-6, find the average rate of change of the function over

the given interval or intervals.

1. fx) =x>+1

a. [2,3] b. [-1,1]
2. g(x) = x?

a. [—1,1] b. [~2,0]
3. h(t) = cott

a. [7/4,37/4]
4. g(t) = 2 + cost

a. [0, 7]

b. [7/6, 7/2]

5. R(6) = V40 + 1; [0,2]
6. P(0) = 0> — 46> + 50; [1,2]

Slope of a Curve at a Point
In Exercises 7—14, use the method in Example 3 to find (a) the slope

of the curve at the given point P, and (b) an equation of the tangent
line at P.
7. y=x*=3, P2, 1)
8. y=5—x% P(,4)
9. y=x>—2x—3, PQ2,-3)
10. y = x* — 4x, P(1,-3)
11. y = x3, P(2,8)
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12. y=2—-x% P(1,1)
13. y =x*— 12x, P(1,—11)
14. y=x>—3x2+4, PQ2,0)

Instantaneous Rates of Change

Chapter 2: Limits and Continuity

15. Speed of a car The accompanying figure shows the time-
to-distance graph for a sports car accelerating from a standstill.
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a. Estimate the slopes of secants PQ;, PQ,, PQ;, and PQy,

arranging them in order in a table like the one in Figure 2.6.

b.

What are the appropriate units for these slopes?

Then estimate the car’s speed at time ¢ = 20 sec.

16. The accompanying figure shows the plot of distance fallen versus
time for an object that fell from the lunar landing module a dis-
tance 80 m to the surface of the moon.

a.

b.

Estimate the slopes of the secants PQ;, PO,, PQs, and PQy,
arranging them in a table like the one in Figure 2.6.

About how fast was the object going when it hit the surface?
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17. The profits of a small company for each of the first five years of
its operation are given in the following table:

Year Profit in $1000s
2000 6
2001 27
2002 62
2003 111
2004 174

a. Plot points representing the profit as a function of year, and
join them by as smooth a curve as you can.

18.

19.

20.

21.

What is the average rate of increase of the profits between
2002 and 2004?

. Use your graph to estimate the rate at which the profits were

changing in 2002.

Make a table of values for the function F(x) = (x + 2)/(x — 2)
at the points x = 1.2,x = 11/10,x = 101/100, x = 1001/1000,
x = 10001/10000, and x = 1.

a.

b.

Find the average rate of change of F(x) over the intervals [1, x]
for each x # 1 in your table.

Extending the table if necessary, try to determine the rate of
change of F(x)atx = 1.

Letg(x) = Vi forx = 0.

a.

d.

Find the average rate of change of g(x) with respect to x over
the intervals [1, 2], [1, 1.5] and [1, 1 + A].

Make a table of values of the average rate of change of g with
respect to x over the interval [1, 1 + /] for some values of /
approaching zero, say 2 = 0.1, 0.01, 0.001, 0.0001, 0.00001,
and 0.000001.

. What does your table indicate is the rate of change of g(x)

with respecttox atx = 17?

Calculate the limit as / approaches zero of the average rate of
change of g(x) with respect to x over the interval [1, 1 + #/].

Let f(r) = 1/tfort # 0.

a.

Find the average rate of change of f with respect to # over the
intervals (i) from ¢ = 2to ¢ = 3, and (ii) fromz = 2tot = T.
Make a table of values of the average rate of change of f with
respect to ¢ over the interval [2, T'], for some values of 7 ap-
proaching 2, say 7 = 2.1, 2.01, 2.001, 2.0001, 2.00001, and
2.000001.

. What does your table indicate is the rate of change of f with

respecttoratt = 27

. Calculate the limit as 7" approaches 2 of the average rate of

change of f with respect to 7 over the interval from 2 to 7. You
will have to do some algebra before you can substitute 7 = 2.

The accompanying graph shows the total distance s traveled by a

bicyclist after ¢ hours.
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a. Estimate the bicyclist’s average speed over the time intervals
[0, 1], [1, 2.5], and [2.5, 3.5].
1

b. Estimate the bicyclist’s instantaneous speed at the times ¢ = 5,
t=2,andt = 3.

c. Estimate the bicyclist’s maximum speed and the specific time
at which it occurs.



22. The accompanying graph shows the total
the gas tank of an automobile after being
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amount of gasoline 4 in a. Estimate the average rate of gasoline consumption over the
driven for ¢ days. time intervals [0, 3], [0, 5], and [7, 10].

b. Estimate the instantaneous rate of gasoline consumption at
thetimest = 1,7 = 4,andt = 8.

c. Estimate the maximum rate of gasoline consumption and the
specific time at which it occurs.

0O 1 2 3 4 5 6 7
Elapsed time (days)

& 9 10

2 2 | Limit of a Function and Limit Laws

HISTORICAL ESsAY

Limits
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FIGURE 2.7 The graph of f is
identical with the line y = x + 1
except at x = 1, where f is not
defined (Example 1).

In Section 2.1 we saw that limits arise when finding the instantaneous rate of change of a
function or the tangent to a curve. Here we begin with an informal definition of /imit and
show how we can calculate the values of limits. A precise definition is presented in the
next section.

Limits of Function Values

Frequently when studying a function y = f(x) we find ourselves interested in the func-
tion’s behavior near a particular point x, but not at xy. This might be the case, for instance,
if x¢ is an irrational number, like 7 or \/2, whose values can only be approximated by
“close” rational numbers at which we actually evaluate the function instead. Another situa-
tion occurs when trying to evaluate a function at x¢ leads to division by zero, which is un-
defined. We encountered this last circumstance when seeking the instantaneous rate of
change in y by considering the quotient function Ay/h for A closer and closer to zero.
Here’s a specific example where we explore numerically how a function behaves near a
particular point at which we cannot directly evaluate the function.

EXAMPLE 1  How does the function

21

flx) ==

x—1

behave near x = 1?

Solution  The given formula defines f for all real numbers x except x = 1 (we cannot di-
vide by zero). For any x # 1, we can simplify the formula by factoring the numerator and
canceling common factors:

(x = D>+ 1) _

Pa—1 x + 1 for x # 1.

flx) =

The graph of f is the line y = x + 1 with the point (1, 2) removed. This removed point is
shown as a “hole” in Figure 2.7. Even though f(1) is not defined, it is clear that we can
make the value of f(x) as close as we want to 2 by choosing x close enough to 1 (Table 2.2).

]
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Another important property of limits is given by the next theorem. A proof is given in
the next section.

THEOREM 5 If f(x) = g(x) forallx in some open interval containing c, except
possibly at x = ¢ itself, and the limits of f and g both exist as x approaches c,
then

lim f(x) = lim g(x).
xX—c xX—c

The assertion resulting from replacing the less than or equal to (=) inequality by the
strict less than (<) inequality in Theorem 5 is false. Figure 2.14a shows that for 6 # 0,
—|6] < sin@ < |6, but in the limit as # — 0, equality holds.

Exercises 2.2

Limits from Graphs y
1. For the function g(x) graphed here, find the following limits or
explain why they do not exist. 14— Y=fW
a. limg(x) b limg(x) ¢ limg(x) d. lim g(x) /
x—1 x—2 x—3 x—2.5 | | X
-7 N 2
y
1+
y =8
1=-- -= -—-e
A/ 4. Which of the following statements about the function y = f(x)
& | X graphed here are true, and which are false?
| ! 2 3 a. lim2 f(x) does not exist.
X
2. For the function f(#) graphed here, find the following limits or ex- b. Vh_I}lz flo) =2
plain why they do not exist. c. )}Lml f(x) does not exist.
a. lim f(r) b. lim f(z) ¢ limf(z) d. lim f(¢) d. lim f(x) exists at every point xo in (—1, 1).
t——2 t——1 t—0 t——0.5 X—>Xo

e. lim f(x) exists at every point xq in (1, 3).
S X—>X(

! y =/
s =f(0)
N | 1 t
/oN -1 0 1

-1

3. Which of the following statements about the function y = f(x)

graphed here are true, and which are false? Existence of Limits

. . In Exercises 5 and 6, explain why the limits do not exist.
a. llr% f(x) exists.
xX—> X

b. li =0 5. lim — 6. li
{E%fi") ; i fil ey
c. =
x%—% &) 7. Suppose that a function f(x) is defined for all real values of x ex-
d. JLmI fGx) =1 cept x = xg. Can anything be said about the existence of
e. lim1 fx) =0 lim, ., f(x) ? Give reasons for your answer.
X
f. lim f(x) exists at every point xp in (=1, 1). 8. Suppose that a function f(x) is defined for all x in [—1, 1]. Can
X=X . . . . 2 _
g. lim f(x) does not exist. anything be said about the existence of lim,—¢ f(x)? Give rea
x—1 sons for your answer.
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9. If lim,—; f(x) = 5, must f be defined at x = 1? If it is, must
f(1) = 5? Can we conclude anything about the values of f at

x = 1? Explain.

10. If f(1) = 5, must lim,— f(x) exist? If it does, then must
lim,—; f(x) = 5? Can we conclude anything about lim,—; f(x)?

Explain.

Calculating Limits
Find the limits in Exercises 11-22.

11.

13.

15.

17.

19.

21.

Limits of quotients

23.

25S.

27.

29.

31.

33.

35s.

37.

39.

41.

Limits with trigonometric functions

lim (2x + 5) 12.
x—=7

lin% 8(t = 5)(t—17) 14.
[—)

. x+3
;}Lmz x+6 16.
lim 3(2x — 1) 18.
x——1

lim (5 — y)*? 20.
y—=3

lim ——— 22
h=0N/3h+ 1+ 1

-5

lim — 24.
x—=5 x° — 25
2
x4+ 3x—10
AT S 2.
2 _
T — 28,
=1 12—
xirg2 % 30.
1_
lim = 32.
—1 x — 1
4 _
T 34,
u—1 y° — 1
lim Vi-3 36.

x—9 X_9

lim XL 38.

=IVx+3 -2
VxZ+12 -4

me -2
2= Vx'-5
N

43-50.

43. lim0 2sinx — 1) 44,

45. lim secx 46.
x—0 )

47. lim LT X tsinx 48.
x—0 3cosx

49, lim Vx + 4cos(x + ) 50.

X—>—1

lim(—x2 + 5x — 2)
x—2

lim (x3 — 2x2 + 4x + 8)

x—>—2

lim 3s(2s — 1
L 3 =D
) y+2
hm 27
yo2 + 5y + 6
lin}) (2z — 8)/3

. V5h+4-2
lim ———

h—0 h

Find the limits in Exercises 23-42.

i x + 3
m i . A
x—>-3 x“+4x + 3
lim x2 = 7x + 10
x—2 x—2
lim P +3t+2
—=1 2 —t—2
o 8
y=0 3y* — 162
1 1
lim x71+x+1
x—0 X
lim 2 =8
v—=2 vt — 16
. 4x — x?
lim

T——1 +1
lim x+2
=2\ 45 -3
lim 4-x
x4 5 Vx4 9

Find the limits in Exercises

lim sin®x

x—0

lim tan x

x—0
lin}) (x* — )2 — cosx)

lim V7 + sec’x
X

—0

Using Limit Rules

51. Suppose lim,—g f(x) = 1 and lim,—og(x) = —5. Name the
rules in Theorem 1 that are used to accomplish steps (a), (b), and
(c) of the following calculation.

2/(x) ~ gl) _ 2 &)

S0 () + 7 lim () + 77 @
lim 2f(x) — lim g(x)
_ x—0 x—0 (b)
(lim () + 7))
2 lim f(x) = lim g(x)
= (©)

(i + lim 7)%3
(Jim 16s) + Jim 7)

_ @M - (=5 _7

(1+7 4
52. Let limy—q A(x) = 5, limy—; p(x) = 1, and lim,—; r(x) = 2.
Name the rules in Theorem 1 that are used to accomplish steps

(a), (b), and (c) of the following calculation.

Vi) lm Ve

@ — ) Tim ()@ — () @
_ x—1 (b)
(Jim poo))(tim (4 = r00))
\/Slim A(x)
- = ©

iy 20}t 4 ~ f )

V)5 s

(-2 2

53. Suppose lim,—. f(x) = 5 and lim,—. g(x) = —2. Find

a. lim f(x)g(x) b. lim 2f(x)g(x)

xX—c x—>c

fim — %)
x—e flx) = glx)
54. Suppose lim,—4 f(x) = 0 and lim,—4 g(x) = —3. Find

a. xlig}‘(g(x) + 3) b. )}ig}‘xf(x)

c. 1iin,(f(x) + 3g(x)) d.

¢ lim (g(x)’ d. lim f(f)(%

55. Suppose lim,—;, f(x) = 7 and lim,—; g(x) = —3. Find
a. )}I_I)I},(f(x) + g(x)) b. Xll_IB) fx) - gx)
c. lim 4g(x) d. lim f(x)/g(x)

56. Suppose that lim,—» p(x) = 4, lim,——, r(x) = 0, and
lim,——, s(x) = —3. Find

a lim (p(x) + r() + 5(x)
b. lim plx) - r(x) - s(x)
c. linlz(—4p(x) + 5r(x))/s(x)



Limits of Average Rates of Change
Because of their connection with secant lines, tangents, and instanta-
neous rates, limits of the form

S+ h) = fx)
lim ——————
h—0 h
occur frequently in calculus. In Exercises 57—62, evaluate this limit
for the given value of x and function f.
57. fx) =x%, x=1 58. f(x) =x%, x= -2
59. f(x) =3x—4, x=2 60. f(x) =1/x, x= -2

6. f(x) = Vx, x=7 62. f(x) = V3x+1, x=0

Using the Sandwich Theorem
63. If V5—2x2=f(x) = V5—x> for —1=x=1, find
limx_>() f(x) .
64. If2 — x? = g(x) = 2 cosx for all x, find lim,—o g(x).
65. a. It can be shown that the inequalities
2 .
X X sinx
! 6 = 2 —2cosx
hold for all values of x close to zero. What, if anything, does
this tell you about

,}ig}) 2 fs2mcf)sx?
Give reasons for your answer.
b. Graphy = 1 — (x%/6), y = (xsinx)/(2 — 2 cosx), and
v = 1 together for —2 = x = 2. Comment on the behavior
of the graphs as x = 0.

66. a. Suppose that the inequalities

1 X2 I —cosx 1

27w ST 2 T2
hold for values of x close to zero. (They do, as you will see in
Section 10.9.) What, if anything, does this tell you about

.1 —cosx
lim ———7?
x—0 X

Give reasons for your answer.

b. Graph the equations y = (1/2) — (x/24),
vy = (1 — cosx)/x?,and y = 1/2 together for —2 = x = 2.
Comment on the behavior of the graphs as x — 0.

Estimating Limits

You will find a graphing calculator useful for Exercises 67-76.

67. Let f(x) = (x* — 9)/(x + 3).
a. Make a table of the values of f at the points x = —3.1,
—3.01, —3.001, and so on as far as your calculator can go.
Then estimate lim,—_3 f(x). What estimate do you arrive at if
you evaluate fat x = —2.9, —2.99, —2.999, ... instead?
b. Support your conclusions in part (a) by graphing f near
Xo = —3 and using Zoom and Trace to estimate y-values on
the graph as x — —3.
c. Find lim,—_3 f(x) algebraically, as in Example 7.
68. Letg(x) = (x> — 2)/(x — V2).
a. Make a table of the values of g at the points x = 1.4, 1.41,
1.414, and so on through successive decimal approximations
of /2. Estimate lim,—\/2 g(x).
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b. Support your conclusion in part (a) by graphing g near
X0 = \V/2 and using Zoom and Trace to estimate y-values on
the graph as x — V2.

c. Find lim,—+\/ g(x) algebraically.

69. Let G(x) = (x + 6)/(x* + 4x — 12).

a. Make a table of the values of Gatx = —5.9, —5.99, —5.999,
and so on. Then estimate lim,—._¢ G(x). What estimate do
you arrive at if you evaluate G atx = —6.1, —6.01,
—6.001, ... instead?

b. Support your conclusions in part (a) by graphing G and
using Zoom and Trace to estimate y-values on the graph as
x— —6.

¢. Find lim,—_¢ G(x) algebraically.

70. Let h(x) = (x* — 2x — 3)/(x> — 4x + 3).

a. Make a table of the values of 4 at x = 2.9, 2.99, 2.999, and so
on. Then estimate lim,—3 A(x). What estimate do you arrive
at if you evaluate 4 at x = 3.1, 3.01, 3.001, ... instead?

b. Support your conclusions in part (a) by graphing / near
Xo = 3 and using Zoom and Trace to estimate y-values on the
graph as x — 3.

¢. Find lim,—3 A(x) algebraically.

71. Let f(x) = (x* — 1)/(]x| = 1).

a. Make tables of the values of f at values of x that
approach xo = —1 from above and below. Then estimate
lim,——; f(x).

b. Support your conclusion in part (a) by graphing f near
Xo = —1 and using Zoom and Trace to estimate y-values on
the graph as x — —1.

c. Find lim,—_; f(x) algebraically.

72. Let F(x) = (x* + 3x + 2)/(2 — |x]).
a. Make tables of values of F" at values of x that

approach xo = —2 from above and below. Then estimate
lil’l’lxﬁ_z F(X) .

b. Support your conclusion in part (a) by graphing F near
Xo = —2 and using Zoom and Trace to estimate y-values on
the graph as x — —2.
¢. Find lim,—_, F(x) algebraically.
73. Let g(6) = (sin6)/6.
a. Make a table of the values of g at values of 6 that approach
0o = 0 from above and below. Then estimate limy—q g(6).
b. Support your conclusion in part (a) by graphing g near
90 =0.
74. Let G(t) = (1 — cost)/t>.
a. Make tables of values of G at values of ¢ that approach #, = 0
from above and below. Then estimate lim,—o G().
b. Support your conclusion in part (a) by graphing G near
th=0.
75. Let f(x) = x'/079.
a. Make tables of values of f at values of x that approach xy = 1

from above and below. Does f appear to have a limit as
x — 17 If so, what is it? If not, why not?

b. Support your conclusions in part (a) by graphing f near
X0 — 1.
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76. Let f(x) = (3" — 1)/x.
a. Make tables of values of f at values of x that approach xo = 0
from above and below. Does f appear to have a limit as
x — 07? If so, what is it? If not, why not? 82.

b. Support your conclusions in part (a) by graphing f near xo = 0.

Theory and Examples

77. If x* = f(x) = x? for x in [—1,1] and x*> = f(x) =< x* for
x < —1and x > 1, at what points ¢ do you automatically know
lim,—. f(x)? What can you say about the value of the limit at
these points?

78. Suppose that g(x) = f(x) = h(x) for all x # 2 and suppose that

83.

84,

lim g(x) = lim A(x) = —5.
x—2 x—2

Can we conclude anything about the values of f, g, and 4 at
x = 2? Could f(2) = 0? Could lim,—, f(x) = 0? Give reasons
for your answers.

79. 16 1im 273 1 find fim ()
: x—4 X — 2 ’ x—4 ’
. fx) .
80. Ifx1_1)11327 = 1, find 85.
. . fx)
L1 . lim -
* i, S b 8.
 f) =5
81. a. If lim ———=— = 3, find lim f(x).
x—2 X — 2 x—2 89

b 15 1im 25 Z 4 find tim f(r)
: x—2 X =2 ’ x—2 ’
If 1imL§) = 1, find
x—0 x
. . )
1 . lim
* i/ b

a. Graph g(x) = xsin (1/x) to estimate lim,—o g(x), zooming
in on the origin as necessary.

b. Confirm your estimate in part (a) with a proof.

a. Graph A(x) = x%cos (1/x3) to estimate lim,—¢ A(x), zooming
in on the origin as necessary.

b. Confirm your estimate in part (a) with a proof.

COMPUTER EXPLORATIONS

Graphical Estimates of Limits
In Exercises 85-90, use a CAS to perform the following steps:

a. Plot the function near the point xy being approached.

b. From your plot guess the value of the limit.

4 _ 3.2 _
lim ¥ — 16 86, lim © X —X~3
x—2 X — 2 x——1 (x + 1)2
 V1i+x-—1 . x2 =9
lim —————— 88. lim ———
x—=0 =3 \/x2 47 -4

— 2
lim L CosX 90. lim - 2%
x—0 Xxsinx x—0 3 — 3cosx

2 3 | The Precise Definition of a Limit
|

We now turn our attention to the precise definition of a limit. We replace vague phrases
like “gets arbitrarily close to” in the informal definition with specific conditions that can
be applied to any particular example. With a precise definition, we can prove the limit
properties given in the preceding section and establish many important limits.

To show that the limit of f(x) as x — xj equals the number L, we need to show that the
gap between f(x) and L can be made “as small as we choose” if x is kept “close enough” to
Xo. Let us see what this would require if we specified the size of the gap between f(x) and L.

Consider the function y = 2x — 1 near xo = 4. Intuitively it appears that
y is close to 7 when x is close to 4, so limy—4(2x — 1) = 7. However, how close to
Xo = 4 does x have to be so that y = 2x — 1 differs from 7 by, say, less than 2 units?

We are asked: For what values of x is |y — 7| < 2? To find the answer we

y
y=2x—1 EXAMPLE 1
Upper bound:
y=9 .
Solution
"{19 satisfy first express |y — 7| in terms of x:
this

Lower bound:
y=5

=71 =1@x — 1) = 7] = |2x - 8]

The question then becomes: what values of x satisfy the inequality |2x — 8| < 2? To
find out, we solve the inequality:

x |2x — 8] <2
. —2<2x—8<2
Restrict
to this 6 <2x <10
3<x<5

FIGURE 2.15 Keeping x within 1 unit of
xo = 4 will keep y within 2 units of

vo = 7 (Example 1).

-1<x-4<1.
Keeping x within 1 unit of xo = 4 will keep y within 2 units of yo = 7 (Figure 2.15). m
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Therefore, for any € > 0, there exists 6 > 0 such that

whenever

| (g(x) = f(x)) = (M = L)| <€ 0<|x—c| <5

Since L — M > 0 by hypothesis, we take € = L — M in particular and we have a number

& > 0 such that

l(gx) = fx)) =M = L) <L-M

Since a = |a|for any number a, we have

(gx) —fx) —M—-L)<L-M

which simplifies to

gx) < f(x)

But this contradicts f(x) = g(x). Thus the inequality L > M must be false. Therefore

L=M.

Exercises 2.3

whenever

0<|x—rc| <8.

0<|x—¢c| <&

0<|x—c| <é.

Centering Intervals About a Point 9.
In Exercises 1-6, sketch the interval (a, b) on the x-axis with the ) = Vx y
point x, inside. Then find a value of 6 > 0 such that for all y xo=1 fx)=2Vx+1
50 <|x—x| <8§ = a<x<bh. L=11 xL=i
La=1, b=17 x=5 5 €e=3 y=Va c—02
_ _ _ i
2.a=1, b=17, x=2 I I ! y=2Va+l
3.a=-7/2, b=-1/2, xp= -3 3 : : 4.42t ————————— |
i | S ———
4oa=-7/2, b=—1/2, xo=—3/2 Lo 38 - i
5.a=4/9, b=4/1, x=1/2 L i Lo
2
6. a=27591, b=32391, xy=3 of 9 1 2 Lo
16 16 [ |
[
| | | X
-10 2.61 3 341
Finding Deltas Graphically NOT TO SCALE
In Exercises 7—-14, use the graphs to find a 6 > 0 such that for all x 11.
0<|x—x] <86 = |flx) —L| <e. y y
7 8. fo = 22 fy=4-x
xg= -1
y y Xg =2 L=
= Sx+3 _ =
y=2x—4 f@ =—3x L:‘l‘ €=025 }
X =— €=
=75
62f———--- f)=2x—4 L —4- 3
ol ____ =5 €=0.15 I | S y x
58—----/11 L=6 _3 !
loe=o02 y=px s ArmT A st 275
[ it 7.65 ) -
| 11 | |
| I — i |
X 7.35 111 [
I
0 4.9/5}1 - 0 /20N Lo
b Vi Vs Lo
NOT TO SCALE L [
Fon NOT TO SCALE Lo
[ (.
Il L
L1 1 x X
73, o N\ V5ol v o
31 7 29 ) 5
NOT TO SCALE NOT TO SCALE



13. 14.
y y
o) =3
1
X) =5
l 2
2.01 | L—2>
| e=0
21—
|
|
1.99-----L
il
[
[
[
1
o
P
P!
'I:
[
1
11
L1 1 X
x 0 1/1\1
201 2 1.9

NOT TO SCALE

Finding Deltas Algebraically

Each of Exercises 15-30 gives a function f(x) and numbers L, x¢, and
€ > 0. In each case, find an open interval about x; on which the in-
equality | f(x) — L| < € holds. Then give a value for § > 0 such that
for all x satisfying 0 < |x — xo| < & the inequality |f(x) — L] < €
holds.

15. f(x) =x + 1, L =5, X0 = 4, e = 0.01
16. f(x) = 2x — 2, L = —6, X0 = —2, e =0.02
17. fx) = Vx+1, L=1 x=0, €e=0.1
18. fx) = Vx, L=1/2, x=1/4  e=01
19. fx) = V19 —x, L=3  x=10, e=1
2. fx) = Vx—7, L=4  x=23, e=1
2. f(x) = 1/x, L=1/4, xo=4, €=005
22. fx) =x% L=3, x=1V3 e=01

23. f(x)=x> L=4, xp=-2, €=05

24. f(x) = 1/x, L=-1, xo = —1, e=0.1
25. f(x) =x>—=5 L=11, x=4  e=1

26. f(x) = 120/x, L=35, X0 = 24, e=1
27. f(x) = mx, m >0, L =2m, X0 = 2, e = 0.03
28. f(x) = mx, m >0, L = 3m, X=3 €=c>0
29. f(x) = mx + b, m > 0, L= (m/2) + b,

xo = 1/2, e=c>0
30. f(x) = mx + b, m > 0, L=m+b, xo =1,

e = 0.05

2.3 The Precise Definition of a Limit 83

Using the Formal Definition
Each of Exercises 31-36 gives a function f(x), a point xo, and a posi-
tive number €. Find L = lim f(x). Then find a number § > 0 such

XX

that for all x

0<|x—x| <6é6 = [fx) — L] <e.
31. f(x) =3 — 2x, X0 = 3, e =0.02
32. f(x) = —3x — 2, xo = —1, e = 0.03
2
—4
3B f0) =", x=2 =005
2
_x-t+6x+5 _ _
M. f)="1T5 > X=-5 €=005
35. f(x) = V1 — 5x, X0 = —3, e=05
36. f(x) = 4/x, X0 = 2, e =04

Prove the limit statements in Exercises 37-50.

37. lin}‘(9*x)=5 38. lim3(3xf7) =2
x— T
39. lin19Vx—5=2 40. lin%)\/4—x=2

2, x # 1

4L lim f() =1 i f(x) = {’2‘ T

>

2 _
42. lim f(x) =4 if f(x):{)lf, x# =2

s x= -2
.1 . 1 1
43. )}lellf:l 44, xll)l{l/gx7=§
2 2
.ooxt =9 Loxt =1
45.X1Lr§3x+37 6 46.)}er117)€_le

4 -2 x<I
6

47. lim f(x) =2 if f(x)={x_4, x=1

2x. x<0
48. i =0 if =37
8 xl_Ig})f(x) 0 if f(x) {X/L =0

49. )}iirbxsin% =0
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- .
50. lim x? sint = 0 When Is a Number L Not the Limit of f(x) as x — xo?

x Showing L is not a limit We can prove that lim,—.,, f(x) # L by
providing an € > 0 such that no possible 6 > 0 satisfies the condition

forallx, 0 < |x — x| <3§ = |f(x) — L] <e.
We accomplish this for our candidate € by showing that for each
6 > 0 there exists a value of x such that
0<|x—x| <6 and |f(x) — L] = €.
| | x
-1 _;
an
y
y=Jf&)
L+ e
S
-1F )
y=-x LE | |
I |
I |
L—e€ : |
Theory and Examples Fx) : :
51. Define what it to say that li = k. '
- — 1 T
. that = =L.
rove tha Xl_rzlcf(x) if and only i hg)r})f( ) 0 x—o xg w0 x

53. A wrong statement about limits Show by example that the fol-

lowing statement is wrong. a value of x for which

0 — —L| =
The number L is the limit of f(x) as x approaches x, = |x xo| < oand |f(x) | =€

if f(x) gets closer to L as x approaches xo.
x <1
x> 1.

Explain why the function in your example does not have the given
value of L as a limit as x — xj.

X
. Let =47
57. Let f(x) {x+1,

54. Another wrong statement about limits Show by example that
the following statement is wrong.

The number L is the limit of f(x) as x approaches x if, given y=x+1
any € > 0, there exists a value of x for which |f(x) — L| < €.

Explain why the function in your example does not have the given )
value of L as a limit as x — xj. y = f(x)

55. Grinding engine cylinders Before contracting to grind engine 1=
cylinders to a cross-sectional area of 9 in?, you need to know how
much deviation from the ideal cylinder diameter of x, = 3.385 in. |
you can allow and still have the area come within 0.01 in? of the 1
required 9 in?. To find out, you let 4 = 7(x/2)? and look for the
interval in which you must hold x to make|4 — 9| = 0.01. What
interval do you find?

]
Il
=

56. Manufacturing electrical resistors Ohm’ law for electrical
circuits like the one shown in the accompanying figure states that
V= RI. In this equation, V' is a constant voltage, / is the current
in amperes, and R is the resistance in ohms. Your firm has been
asked to supply the resistors for a circuit in which V" will be 120
volts and / is to be 5 + 0.1 amp. In what interval does R have to
lie for / to be within 0.1 amp of the value 7y = 5?

a. Lete = 1/2. Show that no possible 8§ > 0 satisfies the
following condition:

Forallx, 0< |[x—1] <6 = |f(x)—2] <1/2.

That is, for each 6 > 0 show that there is a value of x such
that

f 0<|x—1] <& and |f(x) — 2| = 1/2.

V+_[ @ R This will show that lim,—; f(x) # 2.

b. Show that lim,—; f(x) # 1.
c. Show that lim,—; f(x) # 1.5.




xz, x <2
58. Leth(x) =93, x=2
2, x>2.

A v = h@)

Show that

a. lirn2 h(x) # 4

b. lim2 h(x) # 3
X—

c. lim h(x) # 2
x—2

59. For the function graphed here, explain why

a. lim3 flx) # 4
X—>

b. lirn3 fx) # 4.8

c. lim f(x) # 3
x—3

4+ °
y =/

TN

I
0 3

60. a. For the function graphed here, show that lim, . _; g(x) # 2.

b. Does lim,—._; g(x) appear to exist? If so, what is the value of
the limit? If not, why not?

2.4 One-Sided Limits 85

y =g /

X
/ -1 0

COMPUTER EXPLORATIONS
In Exercises 61-66, you will further explore finding deltas graphi-
cally. Use a CAS to perform the following steps:

61.

62.

63.

64.

66.

. Plot the function y = f(x) near the point xy being approached.

b. Guess the value of the limit L and then evaluate the limit sym-

bolically to see if you guessed correctly.

. Using the value € = 0.2, graph the banding lines y; = L — €

and y, = L + € together with the function f near xo.

. From your graph in part (c), estimate a 6 > 0 such that for all x

0<|r—x[<é = [fx)-L|l<e
Test your estimate by plotting f, y;, and y, over the interval
0 < |x — xo| < &. For your viewing window use
X — 20 =x=x9)+20andL — 2e =y = L + 2¢.Ifany
function values lie outside the interval [L — €, L + €], your
choice of 6 was too large. Try again with a smaller estimate.

. Repeat parts (c) and (d) successively for e = 0.1, 0.05, and

0.001.
xx 21’ X =3
5x3 + 9x
f(x)_25+32’ 0:0
sin 2
flx) = 3xx’ 0=20
x(1 — cosx)
f(x)_ x—Sinx s X()—O
Vi — 1
7)&?—1, X():1
32— (Tx+ DV + 5
fl = T DVEES

x — 1

2.4 I One-Sided Limits

In this section we extend the limit concept to one-sided limits, which are limits as x ap-
proaches the number ¢ from the left-hand side (where x < ¢) or the right-hand side

(x > ¢) only.

One-Sided Limits

To have a limit L as x approaches c, a function f must be defined on both sides of ¢ and its
values f(x) must approach L as x approaches ¢ from either side. Because of this, ordinary
limits are called two-sided.
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Exercises 2.4

Solution

(a) Using the half-angle formula cos# = 1 — 2 sin*(k/2), we calculate

lim S8 =L _ i 2sin” (h/2)
h—0 h h—0 h
= — lim Sngle sinf  Leth = n/2.
= —(1)(0) =0 Eq. (1) and Example 11a

in Section 2.2

(b) Equation (1) does not apply to the original fraction. We need a 2x in the denominator,
not a 5x. We produce it by multiplying numerator and denominator by 2/5:

lim sin2x _ lim (2/5) - sin 2x
x—0 S5x x—0 (2/5) «5x
_ 2 sin2x Now, Eq. (1) applies with
-5 xlgl}) 2x 0 = 2x.
— 222
=5 =3 ]

EXAMPLE 6  Find lim B0£5€¢2/
—0 3t

Solution  From the definition of tan ¢ and sec 2¢, we have

iy A1 sec 2t llimsint_ 11
(—0 3t 3,50 t cost cos2t

1 1 Eq. (1) and Example 11b
- 5(1)(1)(1) 3 in Section 2.2

Finding Limits Graphically

y
1. Which of the following statements about the function y = f(x) v = f()
graphed here are true, and which are false?
2 °
y
1+ *—-o—o
| | | |
G 1 2 3 *
a. lim f(x) =1 b. lim f(x) =0 a. lim f(x) =1 b. lim f(x) does not exist.
x——17 x—0 x—>—1 x—2
c. xliﬁrgi fx) =1 d. xlian(}* flx) = xlij& f(x) c. xlinz flx) =2 d. lerrllf fx) =2
e. xlg% J(x) exists. f. )}E)no fx) =0 e. 1irr11+ flx) =1 f. lim1 f(x) does not exist.
x—> x>
e lim /) = he i /) = 1 B im0 = lim 100
I 32“1 fla) =0 I len; fla) =2 h. )}1_196 f(x) exists at every ¢ in the open interval (—1, 1).
k. limr f(x) does not exist. L lin%+ fx) =0
x—— x—

2. Which of the following statements about the function y = f(x)
graphed here are true, and which are false?

i. lim f(x) exists at every ¢ in the open interval (1, 3).
xX—>c

j. limr flx) =0 k. 1in31+ f(x) does not exist.
xX—>— xX—>



3—x, x<2
3. Let f(x) = Y
~+1, x>2
2
y
[ R B X
0 2 4

a. Find lim,—,+ f(x) and lim,—,- f(x).
b. Does lim,—, f(x) exist? If so, what is it? If not, why not?

d

. Find lim,—4- f(x) and lim,—4+ f(x).

d. Does lim,—4 f(x) exist? If so, what is it? If not, why not?
3—x, x<2
4. Let f(x) = 2, =2
%, x> 2
y
y=3 X‘
3
— [ ]
_ X
- y = 2
| | | | | | x
-2 0 2
a. Find lim,—,+ f(x), lim,—,- f(x), and f(2).
b. Does lim,—; f(x) exist? If so, what is it? If not, why not?
¢. Find lim,—_;- f(x) and lim,—_;+ f(x).
d. Does lim,—._; f(x) exist? If so, what is it? If not, why not?
0, x=0
5. Let f(x) = 1
siny;, x> 0.
y
1 -
X
0
0, x=0
Y=3.1
sing, x> 0
—1F
a. Does lim,—+ f(x) exist? If so, what is it? If not, why not?

b.

C.

Does lim,—- f(x) exist? If so, what is it? If not, why not?

Does lim,— f(x) exist? If so, what is it? If not, why not?

6. Let g(x) =

2.4 One-Sided Limits

Vax sin(1/x).

Does lim,—¢+ g(x) exist? If so, what is it? If not, why not?

b. Does lim,—q- g(x) exist? If so, what is it? If not, why not?

Does lim,— g(x) exist? If so, what is it? If not, why not?

3
X7, x #1
Graph f(x) = {0 =1

Find lim,—1- f(x) and lim,—;+ f(x).

¢. Does lim,—; f(x) exist? If so, what is it? If not, why not?

x # 1

1 —x2
Graph f(x) = ’
raph /() {2, x=1

Find lim,—+ f(x) and lim,—1- f(x).

Does lim,— f(x) exist? If so, what is it? If not, why not?

91

Graph the functions in Exercises 9 and 10. Then answer these questions.

a.

b
c.
d

What are the domain and range of f?

. At what points ¢, if any, does lim,—. f(x) exist?

At what points does only the left-hand limit exist?

. At what points does only the right-hand limit exist?

V1i-x% 0=x<1
9. f(x) =41, l=x<2

2, x =2

x, —1=x<0, or 0<x=1
10. f(x) =41, x=0

0, x<-—-1 or x>1

Finding One-Sided Limits Algebraically
Find the limits in Exercises 11-18.

. x+2 . x — 1
Jm 12 lim

11.

13.

14.

15.

x—> 2+< +

)2

()5

lim

\Vh? + 4 + 5 — /5

h—0" h
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V6 — V5rE + 11h + 6
h

16. lim
h—0"
i |x + 2] ) |x + 2]
17. a. xﬁllzlf(x + 3) T2 b. XEIPT(x + 3) T2
V- 1) V- 1)
18. a. lim ———— b. lm ———F—
=1t |x = 1 =1 |x =1

Use the graph of the greatest integer function y = | x |, Figure 1.10 in
Section 1.1, to help you find the limits in Exercises 19 and 20.

16] 6]

19. a. 611)1‘131+T b. 011)113177
20. a. lim (r — [¢]) b. lim (s — [7])
t—4" t—4
sin 0
Using lim =1
! goLo 0
Find the limits in Exercises 21-42.
21, fim STV20 22. 1im 32 (k constant)
=0 /20 =0 !
23. lim S0 4. i
= " S0 sin 3k
. tan2x . 2t
25. )SI_I)I})T 26. tlgl”(l) @
27. lim xcese 2x 28. lim 6x2(cot x)(csc 2x)
x—0 COSS5x =0
29, lim * + xcosx 30. lim x2 — x + sinx
* x>0 sinxcosx T x>0 2x
31, lim 1 — cos@ 32, fim X T Xc0sx
‘" 9—0 sin260 T x—0  sin?3x
. sin(1 — cos?) . sin(sin &)
33, lim—————— 34, lim ———
(—0 | — cost h—0 sinh
sin 0 . sinSx
35. 9112}) sin 20 36. xlir}) sin 4x
37. lim 6 cos 0 38. lim sin 6 cot 20
6—0 6—0
sin 3y cot 5
39, lim (203% 40. lim —— 2
x—0 sin 8x y—0 ycotdy

41. lim

tan 6 42. lim 6 cot 46

6—0 6 cot 30 0—0 sin® 0 cot® 20

Theory and Examples

43.

44.

45.

46.

Once you know lim,—,+ f(x) and lim,—,- f(x) at an interior point
of the domain of f, do you then know lim,—, f(x)? Give reasons
for your answer.

If you know that lim,—.. f(x) exists, can you find its value by cal-
culating lim,—..+ f(x)? Give reasons for your answer.

Suppose that f is an odd function of x. Does knowing that
lim,—o+ f(x) = 3 tell you anything about lim,—¢- f(x)? Give rea-
sons for your answer.

Suppose that f is an even function of x. Does knowing that
lim,—,- f(x) = 7 tell you anything about either lim,—_- f(x) or
lim,——+ f(x)? Give reasons for your answer.

Formal Definitions of One-Sided Limits

47.

48.

Given € > 0, find an interval I = (5,5 + 8), 8§ > 0, such that if
x lies in 7, then Vx — 5 < e. What limit is being verified and
what is its value?
Given € > 0, find an interval I = (4 — 8,4), 8 > 0, such that if
x lies in 7, then V4 — x < €. What limit is being verified and
what is its value?

Use the definitions of right-hand and left-hand limits to prove the
limit statements in Exercises 49 and 50.

51.

52.

lim X = -1 50. lim -~ 2 — |

x—0" | x| x—2" |x — 2| -
Greatest integer function Find (a) lim,—40+ [x] and
(b) limy—400- | x | ; then use limit definitions to verify your find-
ings. (¢) Based on your conclusions in parts (a) and (b), can you
say anything about lim, 49| x | ? Give reasons for your answer.
2 .

x“sin(1/x), x <0
One-sided limits Let =
) {\/;, x> 0.
Find (a) lim,—¢+ f(x) and (b) lim,—¢- f(x); then use limit defini-
tions to verify your findings. (¢) Based on your conclusions in
parts (a) and (b), can you say anything about lim,—¢ f(x)? Give
reasons for your answer.

2.5 I Continuity

When we plot function values generated in a laboratory or collected in the field, we often
connect the plotted points with an unbroken curve to show what the function’s values are
likely to have been at the times we did not measure (Figure 2.34). In doing so, we are
assuming that we are working with a continuous function, so its outputs vary continuously
with the inputs and do not jump from one value to another without taking on the values
in between. The limit of a continuous function as x approaches ¢ can be found simply by
calculating the value of the function at ¢. (We found this to be true for polynomials in

Theorem 2.)

Intuitively, any function y = f(x) whose graph can be sketched over its domain in one
continuous motion without lifting the pencil is an example of a continuous function. In
this section we investigate more precisely what it means for a function to be continuous.
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function y = 2x + 5. Then f is the sum of the function g and the quadratic function
y = x2, and the quadratic function is continuous for all values of x. It follows that

f) =

2x + 5 + x? is continuous on the interval [—5/2, co). By trial and error, we

find the function values £(0) = \/5 ~ 2.24 and f(2) = V9 + 4 = 7, and note that f is
also continuous on the finite closed interval [0, 2] C [—5/2, 00). Since the value y, = 4 is
between the numbers 2.24 and 7, by the Intermediate Value Theorem there is a number

c € [0, 2] such that f(c) = 4. That is, the number c¢ solves the original equation. [
Exercises 2.5
Continuity from Graphs 5. a. Does f(—1) exist?
In Exercises 1-4, say whether the function graphed is continuous on b. Does lim, 1+ f(x) exist?
[—1, 3]. If not, where does it fail to be continuous and why? .
c. Does lim,—_+ f(x) = f(—1)?
L. 2 d. Is f continuous at x = —17?
X A 6. a. Does f(1) exist?
y =/ y=8x) b. Does lim, 1 f(x) exist?
2—/\/ 2/\; ¢. Does lim,— f(x) = f(1)?

/— /— d. Is f continuous atx = 1?

| | | Ly | | | | 7. a. Is f defined at x = 2? (Look at the definition of f.)
-1 0 P2 3 -1 0 r 2 3 b. Is f continuous at x = 2?

<

Exercises 5-10 refer to the function

x2 =1,

2x,

fx) = 1,
—2x + 4,

0,

graphed in the accompanying figure.

-1=x<0
0<x<1l1
x =

I <x<2
2<x<3

The graph for Exercises 5-10.

8. At what values of x is f continuous?

9. What value should be assigned to f(2) to make the extended func-
tion continuous at x = 27?

10. To what new value should f(1) be changed to remove the discon-
tinuity?

Applying the Continuity Test

At which points do the functions in Exercises 11 and 12 fail to be con-
tinuous? At which points, if any, are the discontinuities removable?
Not removable? Give reasons for your answers.

11. Exercise 1, Section 2.4 12. Exercise 2, Section 2.4

At what points are the functions in Exercises 13—30 continuous?

1 1
13.)/:x_72—3x 14.y:m+4
x + 1 x+3
15. y= —"—7— 16. y = ——
T T+ 3 T -0
. 1 x2
17. y = |x — 1] + sinx 18.y—|x|+1—7
cos X x+ 2
19. y = — 20. ¥y = Cosx
21. y = csc2x 22, y:tan%x
xtanx X+
23, y = ——— 24, y =
Y X2+ 1 7 1 + sin’x
25. y= V2x +3 26. y = V3x — 1
y y
27. y = (2x — 1) 28. y=(2—x)'
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2 _

r-x-o 6, x#3
29. g(x) = x =3

5, x=3

3

x2 8,x¢2,x¢*2

x2 —
30. f(x) = 3 c=2

4, x = -2

Limits Involving Trigonometric Functions
Find the limits in Exercises 31-38. Are the functions continuous at the
point being approached?

™

31. lim sin (x — sinx) 32. lirr(l) sin (5 cos (tan t))
t—)

X1
33. lirn1 sec (ysec’y — tan’y — 1)
))4)

34. lim tan (% cos (sinx1/3))

x—0

35. lim cos <+) 36. lim Vesc?x + 5V3tanx
=0 19 — 3 sec 2t x—=w/6

37. lim sin (g e%)

x—0"

38. lim1 cos ! (In \/;c)
x>

Continuous Extensions
39. Define g(3) in a way that extends g(x) = (x> — 9)/(x — 3)to be
continuous at x = 3.

40. Define h(2) in a way that extends A(f) = (> + 3t — 10)/(t — 2)
to be continuous at r = 2.

41. Define f(1) in a way that extends f(s) = (s> — 1)/(s*> — 1) to
be continuous ats = 1.

42. Define g(4) in a way that extends
g(x) = (& = 16)/(x* — 3x — 4)
to be continuous at x = 4.

43. For what value of a is

fx) = {

continuous at every x?

xz—l, x<3
2ax, x=3

44. For what value of b is

g(x) = {2;2’

continuous at every x?

X

VoA
NI

45. For what values of a is

2
ax —2a, x=2
f(x)_{lz, x<2

continuous at every x?
46. For what value of b is
x—b
b+ 1
x24+b x>0

x <0
glx) =

continuous at every x?

47. For what values of ¢ and b is

-2, x= -1
fx)=qax—b —-1<x<I1
3, x=1

continuous at every x?

48. For what values of ¢ and b is

ax + 2b, x=0
gx)=<¢x*+3a—-b, 0<x=2
3x — 5, x>2

continuous at every x?

In Exercises 49-52, graph the function f to see whether it appears to

have a continuous extension to the origin. If it does, use Trace and Zoom
to find a good candidate for the extended function’s value at x = 0.
If the function does not appear to have a continuous extension, can it be
extended to be continuous at the origin from the right or from the left?
If so, what do you think the extended function’s value(s) should be?

X |x| _
19, f(x) = =1 50. f(x) = 01

51. f(x) = sin.x

N 52, f(x) = (1 + 2x)'~

Theory and Examples

53. A continuous function y = f(x) is known to be negative at x = 0
and positive at x = 1. Why does the equation f(x) = 0 have at
least one solution between x = 0 and x = 1? Illustrate with a
sketch.

54. Explain why the equation cos x = x has at least one solution.

55. Roots of a cubic Show that the equation x> — 15x + 1 = 0
has three solutions in the interval [—4, 4].

56. A function value Show that the function F(x) = (x — a)?+
(x — b)* + x takes on the value (« + b)/2 for some value of x.

57. Solving an equation If f(x) = x> — 8 + 10, show that
there are values ¢ for which f(c) equals (a) 7; (b) —\/.“:;
(¢) 5,000,000.

58. Explain why the following five statements ask for the same infor-
mation.
a. Find the roots of f(x) = x> — 3x — 1.

b. Find the x-coordinates of the points where the curve y = x
crosses the line y = 3x + 1.

3

¢. Find all the values of x for which x> — 3x = 1.

d. Find the x-coordinates of the points where the cubic curve
y = x> — 3x crosses the line y = 1.

e. Solve the equation x* — 3x — 1 = 0.

59. Removable discontinuity Give an example of a function f(x)
that is continuous for all values of x except x = 2, where it has
a removable discontinuity. Explain how you know that f is dis-
continuous at x = 2, and how you know the discontinuity is
removable.

60. Nonremovable discontinuity Give an example of a function
g(x) that is continuous for all values of x except x = —1, where it
has a nonremovable discontinuity. Explain how you know that g is
discontinuous there and why the discontinuity is not removable.



61.

62.

63.

64.

65.

66.

67.

A function discontinuous at every point

a. Use the fact that every nonempty interval of real numbers
contains both rational and irrational numbers to show that the
function

1, ifx is rational

0=

is discontinuous at every point.

0, ifx isirrational

b. Is f right-continuous or left-continuous at any point?

If functions f(x) and g(x) are continuous for 0 = x = 1, could
f(x)/g(x) possibly be discontinuous at a point of [0, 1]? Give rea-
sons for your answer.

If the product function 4(x) = f(x) - g(x) is continuous at x = 0,
must f(x) and g(x) be continuous at x = 0? Give reasons for your
answer.

Discontinuous composite of continuous functions Give an ex-
ample of functions f and g, both continuous at x = 0, for which
the composite f ° g is discontinuous at x = 0. Does this contra-
dict Theorem 9? Give reasons for your answer.

Never-zero continuous functions Is it true that a continuous
function that is never zero on an interval never changes sign on
that interval? Give reasons for your answer.

Stretching a rubber band Is it true that if you stretch a rubber
band by moving one end to the right and the other to the left,
some point of the band will end up in its original position? Give
reasons for your answer.

A fixed point theorem Suppose that a function f is continuous
on the closed interval [0, 1] and that 0 = f(x) = 1 for every x in
[0, 1]. Show that there must exist a number ¢ in [0, 1] such that
f(c) = ¢ (cis called a fixed point of f).

68.

69.

70.
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The sign-preserving property of continuous functions Let f
be defined on an interval (a, b) and suppose that f(c¢) # 0 at some
¢ where f is continuous. Show that there is an interval
(¢ — 8, ¢ + &) about ¢ where f has the same sign as f(c).

Prove that f is continuous at ¢ if and only if
lim f(c + h) = f(c).
h—0

Use Exercise 69 together with the identities

sin(h + ¢) =sinhcosc + coshsinc,

cos(h + ¢) = coshcosc — sinhsinc

to prove that both f(x) = sinx and g(x) = cosx are continuous
at every point x = c.

Solving Equations Graphically

Use the Intermediate Value Theorem in Exercises 71-78 to prove that
each equation has a solution. Then use a graphing calculator or com-
puter grapher to solve the equations.

71.
72.
73.
74.
75.
76.
77.
78.

¥ =3x—-1=0
w3 -2 =—2x+1=0
x(x— 12 =1
xt=2
Vi+ Vitx=4

x> = 15x + 1 =0 (three roots)

(one root)

cosx = x (one root). Make sure you are using radian mode.
2sinx = x (three roots). Make sure you are using radian

mode.

2 6 | Limits Involving Infinity; Asymptotes of Graphs
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In this section we investigate the behavior of a function when the magnitude of the inde-

y

FIGURE 2.49 The graphof y = 1/x
approaches 0 as x — 00 or x — — 00,

Finite Limits as x — +o0

pendent variable x becomes increasingly large, or x — +£00. We further extend the concept
of limit to infinite limits, which are not limits as before, but rather a new use of the term
limit. Infinite limits provide useful symbols and language for describing the behavior of
functions whose values become arbitrarily large in magnitude. We use these limit ideas to
analyze the graphs of functions having horizontal or vertical asymptotes.

The symbol for infinity (00) does not represent a real number. We use o0 to describe the
behavior of a function when the values in its domain or range outgrow all finite bounds.
- For example, the function f(x) = 1/x is defined for all x # 0 (Figure 2.49). When x is
L positive and becomes increasingly large, 1/x becomes increasingly small. When x is

negative and its magnitude becomes increasingly large, 1/x again becomes small. We

summarize these observations by saying that f(x) = 1/x has limit 0 as x — 00 or

precise definitions.

x— —0o0, or that 0 is a limit of f(x) = 1/x at infinity and negative infinity. Here are
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However, calculating more complicated limits involving transcendental functions such as

m —*— lim X and lim (1 +1>

x—0 e — 1’ x—0 X’ x—0
requires more than simple algebraic techniques. The derivative is exactly the tool we need
to calculate limits in these kinds of cases (see Section 4.5), and this notion is the main sub-
ject of our next chapter.

Exercises 2.6

Finding Limits
1. For the function f whose graph is given, determine the following
limits.
a. lim f(x)
x—2
d. 1im3 fx)
g. lim f(x)
x—0

b. lim_ f(x)
e. lim f(x)
h. lirrg0 f(x)

c. lirﬁr;i fx)
f. lim f(x)

i. lim f(x)
x—>—00

y

—//// f
_6_5_4_7/11\/2 345 6
)

-3

2. For the function f whose graph is given, determine the following

limits.

a. lim f(x) b. lim f(x) c. lim f(x)

d. lim f(x) e. lim f@x) f lim_ f()
g lim f(x) h. lim, f(x) i lim f(x)

jo lim f(x) k. lim f(x) L lim fG)

y

{57_3 i

In Exercises 3-8, find the limit of each function (a) as x — 0 and
(b) as x — —00. (You may wish to visualize your answer with a
graphing calculator or computer.)

4.f(x)=7r—l

3 f) =2 -3 2

1 1
5. X)) = —— < 6 X) = —————— 5"
g0 =57 (1/x) g0 =g (5/x%)
-5+ (7/x 3 —(2/x
S R U R b
3 - (1/x?) 4+ (V2/x?)
Find the limits in Exercises 9—12.
9. lim S02 10. lim ¢
x—>00 f——00 36
1. lim 2 (*sint 12. lim - [ smr

(—>-oco |+ cost r—oco 2r + 7 — Ssinr

Limits of Rational Functions
In Exercises 13-22, find the limit of each rational function (a) as
x— 00 and (b) as x —> —00.

1. f) = 5 16. f(0) = 5

17. h(x) = % 18. g(x) = m

19. g0 = W 20. hix) = 2x* +9)56:2+*xx + 6
Mo = 2 THES g ) = =

3x + 3x? — 5x xr =73+ x4+ 9
Limits as x > o or x —> — o©

The process by which we determine limits of rational functions
applies equally well to ratios containing noninteger or negative
powers of x: divide numerator and denominator by the highest
power of x in the denominator and proceed from there. Find the lim-
its in Exercises 23-36.

7 _ 2 _ 1/3
23. lim 23 24, dlim (XL
x—00 \ 2x° + x x—>—00 8x- — 3

— 3\ 2 _
25, lim (5% 2. lim |2
x—>—00 \ x° + Tx x—00 \V x7 + x — 2

—1
7 i VE 28 pim 2F Vo
x—00 3x — 7 x—00 2 — \/;

3/ AS -1 —4
2. tim YE=Vx 30. lim 2 FX
e A ML

5/3 _ 13 Y —
31. lim P x4+ 32. lim M

x—00 x8/5 + 3x + \/;C x—>—00 Dy + X2/3 — 4



33. lim

x—00 x+1

x—3

Y0 N\/4x? + 25

35. lim

Infinite Limits

Vx? + 1

34.

36.

Find the limits in Exercises 37-48.

. 1
37. len(}* 3x
39. len; x—2
41. 2x

43. lim

=7 (x — 7)?

45. a. xlg%*W

. 2
46. a. xll>n6+x1/5

47. lim o5

b.

Find the limits in Exercises 49-52.

49. lim tanx
x—>(m/2)”

51. lim (1 + csc6)
0—0"

50.

52.

Find the limits in Exercises 53—58.

as

54. lim

2
55. lim (% - %) as

a. x—0"
e x—> V2
imxzi_as
2x + 4
a. x— 2"
c. x—17

56. 1

57. lim

a. x—0"
c. x—>2"

e. What, if anything, can be said about the limit as x — 0?
¥ —3x+2
5 . as

X’ — 4x

58. lim

a. x—2°"
c. x—>0"

e. What, if anything, can be said about the limit as x — 0?

x2—3x +2
x> = 2x?

as

b.
d.

b.
d.

li x>+ 1

xirzloo x + 1
4 =33
lim

38. xli%‘— 2x
40. xl'l?w -3
. 3x
2. Iim 510
44. lim 2_71
=0 x*(x + 1)
lim 2z
T x>0 3x1/3
. 2
xll)n(} xl/s
. 1
48. XIEH) 25

lim secx
x—(—m/2)"

lim (2 — cot6
Jimy 2 = cot0)

. x— 27

Lx—> =20

. x— 1

x—> -1

. x—0"

Lx—>—1

. x— =27
. x—0

x—2"
x—2

x— 2%
x— 17
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Find the limits in Exercises 59-62.

59. lim<2 - :7) as

a. t—0" b. t—0"
. 1

60. llm(ﬁ + 7) as
a. t—0" b. t—0"
. 1 2

61. hm(xz/3 + = 1)2/3);15
a. x—0" b. x—0"
c. x— 17 d. x— 1"
. 1 1

62. hm<xl/3 = 1)4/3);;15
a. x—0" b. x—0"
c. x— 17 d x—1

Graphing Simple Rational Functions
Graph the rational functions in Exercises 63—68. Include the graphs
and equations of the asymptotes and dominant terms.

1 1
63.y=x_1 64'y:x+1
-~ 1 -3
65y =913 66. v =173
x+3 2x
67. y=112 8. v =1

Inventing Graphs and Functions

In Exercises 69—72, sketch the graph of a function y = f(x) that satis-
fies the given conditions. No formulas are required—just label the coor-
dinate axes and sketch an appropriate graph. (The answers are not unique,
so your graphs may not be exactly like those in the answer section.)

69. f(0) =0, f(1) =2, f(—1) = =2, Elyoof(x) = —1,and
lim f(x) = 1 )

70. f(0) = 0, liToo f(x) =0, Alirr01+ f(x) =2, and

lim /() = =2
71. f(0) =0, ETOO fx) =0, 1_i)rr11, f(x) = ii)ryﬁf(x) = 00,

linll+ f(x) = —o00, and lilllr f(x) = —o0

72. f(z) = laf(_l) = 03 E)Irgof(x) = 07 li)rr&f(x) = o0,

lim f(x) = —oo,and lim f(x) = 1
x—0 x—>—00

In Exercises 73-76, find a function that satisfies the given conditions
and sketch its graph. (The answers here are not unique. Any function
that satisfies the conditions is acceptable. Feel free to use formulas de-
fined in pieces if that will help.)

73. lim f(x) =0, lim f(x) = 00, and lim_f(x) = o
X—+00 x—2 x—2"

74. lim g(x) =0, lim g(x) = —o0, and lim_g(x) = o0
x—>100 x—3 x—3"

75. lim A(x) = —1, lim A(x) = 1, lim A(x) = —1, and
x—>—00 xX—>00 x—0
lim A(x) =1
x—0"

76. lim k(x) = 1, lim k(x) = 00, and lim_k(x) = —00
x—>+00 x—1 x—1"
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77. Suppose that f(x) and g(x) are polynomials in x and that
lim,—oo (f(x)/g(x)) = 2. Can you conclude anything about
lim,——c0 (f(x)/g(x))? Give reasons for your answer.

78. Suppose that f(x) and g(x) are polynomials in x. Can the graph of
f(x)/g(x) have an asymptote if g(x) is never zero? Give reasons
for your answer.

79. How many horizontal asymptotes can the graph of a given ra-
tional function have? Give reasons for your answer.

Finding Limits of Differences when x — + 00
Find the limits in Exercises 80—-86.

80. lim (Vx +9 — Vx +4)
81. lim (Vx? +25 — Va2 — 1)

x—00

82. lim (Vx> +3 +x)
x——00

83. lim (2x + Vx> + 3x — 2)
x——00

84. lim (\/9x2 - x = 3x)
x—00

85. lim (Vx? + 3x — Vx? — 2x)
xX—00

86. lim (\/x2 +x = Vi - x)
xX—00

Using the Formal Definitions
Use the formal definitions of limits as x — 00 to establish the limits
in Exercises 87 and 88.

87. If f has the constant value f(x) = k, then lim f(x) = k.
x—)OO

88. If f has the constant value f(x) = k, then lim f(x) = k.
x—>—00

Use formal definitions to prove the limit statements in Exercises
89-92.

_1_

89. lim — = T 90. lim 00
x—0 x x—0 |x|
. -2 o . 1 _
91. lim T, = ™ 92. lim = ®
=3 (x — 3) —=5 (x + 5)

93. Here is the definition of infinite right-hand limit.

We say that f(x) approaches infinity as x approaches x
from the right, and write
lim  f(x) = oo,
X—>X¢
if, for every positive real number B, there exists a corre-
sponding number 6 > 0 such that for all x

= f(x) > B.

Xo<x<xyg+ 6

Modify the definition to cover the following cases.

a. lim f(x) = o0

X—>X(

b. lim_ f(x) = —o0
X—>X(

c. lim f(x) = —o0
X—>X(

Use the formal definitions from Exercise 93 to prove the limit state-
ments in Exercises 94-98.

.1 .1
94. xlin(}*f = o0 95. xli)n(}_} = —00
6 lig lym e 9 g dg - e
98. lim = 00

Oblique Asymptotes
Graph the rational functions in Exercises 99-104. Include the graphs
and equations of the asymptotes.

2 2
_ X _xt+1
99.y—x_1 100.y—x_1
2 2
x4 _xt—1
101,y = — 102, y =3
2 _ 3
103, y =1 104, y =11
X

Additional Graphing Exercises
Graph the curves in Exercises 105-108. Explain the relationship
between the curve’s formula and what you see.

X -1
105. y = — 106. y = —F——
V4 — x? 4 — x?
107. y = X3 + x117 108. y = sin (x27—Ti- 1)

Graph the functions in Exercises 109 and 110. Then answer the fol-
lowing questions.

a. How does the graph behave as x — 0*?
b. How does the graph behave as x — +00?

¢. How does the graph behave nearx = 1 andx = —1?

3 X 2/3
110. y=§(x7 1)

Give reasons for your answers.

2/3
109. y = %( - %)

Chapter

1. What is the average rate of change of the function g(7) over the in-
terval from ¢ = atot = b? How is it related to a secant line?

2. What limit must be calculated to find the rate of change of a func-
tion g(f) att = #?

Questions to Guide Your Review

3. Give an informal or intuitive definition of the limit

lim f(x) = L.

XX

Why is the definition “informal”? Give examples.



