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PREREQUISITE The following warm-up exercises involve skills that were covered in earlier sections. You will ! Figu

REVIEW 2.F use these skills in the exercise set for this section. i Polo Ralph La
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In Exercises 1 and 2, find an equation of the line containing P and Q. | 2 000 »
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In Exercises 7-10, find the domain of the function. 12. Sales  The grapl? rep
| | | dollars per year) for §
7. flx) = — 8 flx) == — 22 + = — | 2003, where t = 7 corre
f x—1 &) 5 3 of the graph for the yea
6. 2 — Scons Coniypany’)
' ] Scotts Con
-_ﬁ
5
8%
In Exercises 1~4, trace the graph and sketch the tangent lines at 7. 8. . i T é §
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| 11. Revenue The graph (on page 91) represents the revenue £E 00

Jr_ ——— B R (in millions of dollars per year) for Polo Ralph Lauren 3 E ) S
I Py from 1996 through 2002, where t = 6 corresponds to 1996. = 1234
Estimate the slopes of the graph for the years 1997, 2000, - Month

In Exercises 5-10, estimate the slope of the graph at the point and 2002. (Nowreer Dol Ralph Lawren oip.

(x, y). (Each square on the grid is 1 unit by 1 unit.) 14. Athletics Two long
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12, Sales  1he graph represents the sales S (in millions of
dollars per year) for Scotts Company from 1997 through
2003, where t =7 corresponds to 1997. Estimate the slopes
of the gruph for the years 1998, 2001. and 2003.

Scotts Company Sales
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13. Consumer Trends The graph shows the number of
visitors V1o a national park in hundreds of thousands during
a one-vear period, where 1 = | corresponds to January.

Estinvate the slopes of the graph atr= 1,8, and 12.

Visitors to a National Park
v

-
1234 567891001112
Month (1 & January)

W Athletics  Two long distance runners starting out side by
sich begin a 10.000-meter run. Their distances are given by
s - ) and s = g(r), respectively, where s is measured in
theusands of meters and ¢ is measured in minutes.
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Figure for 14

10,000-Meter Run

Al

Distance
(in thousands of meters)

II /2 I_‘

Time (in minutes)

(a) Which runner is running faster at t?

(b) What conclusion can you make regarding their rates at
1,7

(¢) What conclusion can you make regarding their rates at
17

(d) Which runner finishes the race first? Explain.

In Exercises 15-26, use the limit definition to find the derivative
of the function.

15. f(x) =3 16. f(v) = -4

17, f(x) = =5y + 3 18. flx) =iy +5

19. flx) =22 — 4 20, f(x) =1 — 42

2L i = Jr=1 2 flo)= Sy +2
23 f) =1 — 12 24, f(1) =1 + 2

25. flx) = . J_ 5 26. g(s) = T—l*l

In Exercises 27-36, find the slope of the tangent line to the graph
of f at the given point.

27, flx) =6~ 2x:(2.2)
29, flx) = - 1:(0, ~ 1)

L flv)=x2 = 2:(2,2)
32 f(v) :
33, flv) = =y (2. 6)
35, f(v) =
36. flx) = 2v — 2:(9.4)

28. flx) = 2x + 4: (1.6)
30. f(x) =6;(-2.6)

In Exercises 37-44, find an equation of the tangent line to the
graph of f at the given point. Then verify your result by sketching
the graph of fand the tangent line.

370 flv =42, 2) 38, flv) =~ (=1, —1)
39. () = (v = DA(=2.9) 40, f(x) = 2:2 = 1: (0. - 1)
4L f(0) = Sy + 1:(4.3) 2. flo) = ¥+ 2:(7.3)

|
X

43. flx) = %;(I, 1) 4. flx) = (2.1)
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In Exercises 45-48, find an equa
the graph of fand parallel to the given fine.

Function Line
45. f(x) = ~1yp2 Xty=
46. f(x) = x2 + | 2Ze+y=90
47, flx) = =40 bx+y+4=9
48, flx) =2 - & x+2y—6=9

In Exercises 49-56, describe the x-values at which the function is

differentiable, Explain your reasoning,
9. y=|x+3

50y = [x? 9|

graph at the given points. Then evaluate the slopes analytka"y
and compare your results with those obtained graphically,

57. f(x) = L3
58. flx) = &2
59. flx) = —%x3
60. f(x) = —%xz

@ In Exercises 61-64, fing the derivative of the given function ¢
Then use a graphing utility to graph fand its derivative in the
same viewing window, What does the x-intercept of the derivg.
tive indicate about the graph of

6L f(x) = x2 — 44 62. f(x) =2 4 6x — 42
63. f(x) = x3 - 3, 64, f(x) = x3 — gy2

65. Think About It Sketch a graph of 2 function whoge
derivative is always negative.

66. Think Abour It Sketch a graph of 3 function whoss
derivative is always positive.

@ 67. Writing Usea graphing utility to graph the two functiopy’
f(¥) =x2 41 ang 80) = |x| + 1 in the same viewing
window. Use the zoom and trace features to analyze the
graphs near the point (0, 1). What do you observe? Which
function is differentiable at this point? Write 2 short
paragraph describing the geometric significance of differ.
entiability at a point,

True or False? | Exercises 68-71, determine whether the
statement is true or false, If it is false, explain why or give an
example that shows it s false.

68. The slope of the graph of y = x2 ig different at every point
on the graph of f

69. If a function js continuous at g point, then it is differen-
tiable at that point, ‘

70. If a function is differentiable at 4 point, then it is continu-
ous at that point,

71. A tangent line to a graph can intersect the graph at more
than one point,

The Constant Ru}

In Section 2.1, you foun
even for simple functio
differentiation. These ru
use of limits.

' The Constant Rule

The derivative of a ¢

d
—[c] = 0,
2l

PROOF Let f(x) = c.
write

fl) = Alxi-Toﬂ-xj

So,
%M=0

;ST‘JDV Ti12

z Note in Figure 2.12
slope of a horizontaj

d _
(a) 3;[7] =0

. dy _
{) Ity = 2, then P

TRY IT 1

Find the derivative of

@ flx) = -2 ¢
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PREREQUISITE
REVIEW 2.2

: P . . ; cises 21-26, use Ex
The following warm-up exercises involve skills that were covered in earlier sections. ch In Exer

use these skills in the exercise set for this section. derivative.
Function Rewrite

in Exercises 1 and 2, evaluate each expression when x = 2.

‘._

Tauy= 4
L (@ 22 (b) (20?2 (c) 22 2 @) =~ (b) - © & :

TG a4 42 2

220 y= 3'(2

In Exercises 3-6, simplify the expression. |
34038 + 22 4. 332 — y12 BV = gy

5. Dy 6. 3(3)x2 — 2(1)x-12 1273 T
Hy=3E0

In Exercises 7-10, solve the equation. } S

732+ 26 =0 8.2 -x=0 Yuoy=-"

9. 2 +8—20=0 10. x> - 10x~24 =0 : 4y

[n Exercises 27-32,find the v
at the given point.

Function
In Exercises 1-4, find the slope of the tangent line to y = x” at 4. (a) y=x"1/? (b) y = x2 ) = 1
the point (1, 1). N , . flx T
1. (a) y=x? (b) y = xl172 4 i
¥ y B. f) 3t
Y. f) = =3x(l + 5
4 4 T,
- - 30.y= 3.\'(.\"‘ - ;)
(L n 4 . . » !
a1 T Py = p
} J x I ; x 2, flx) = 3(5 — x)?
In Exercises 5-20, find the derivative of the function. In Exercises 33-46, find f/(x)
2. (a) y = x32 b) y=2x S.y=3 6. flx) = -2 B {0 = 22 4 1
, flx) = 0 — = — X
¥ ¥ 7. f(x) =4x + 1 8 glx) =3x~1 fle) = x X
/ 9. glx) =x2 4+ 4x - | M flx) = x2 — 3x — 3%~
= 42 - 2
10 y =12+ 23 35f(x)=v3~2v——;
i L (1) 11 f() = =312+ 21 — 4
a0 12 y =3 — 9x2 4+ 3 Woflo=x2+1)
t f x } f—ax 13.5() =13 - 2t + 4 3, flx) = (x + 92 -
4 y=2¢ -2+ 3 - | 0. fle) = (Ba? = S0)(e? -
3402
15, y = 4r33 A flo) = PRl ) \4' +3
16. h(x) = x5/2 , '3 ‘s
do? — 3x2 + 2
17. f(x) = 4 /x B fl) = —"——‘\——
(¥ = 3
18. g(x) = 4¥x + 2 M fly) = 200+ 3 -
19. y = 4x=2 + 22 . flx) =

20. s(r) = 4¢71 + 4 8B, fle) = x¥5 4 ¢
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ses 21-26, use Example 6 as a model to find the

n ExerCi
Jerivative:
Function Rewrite Differentiate  Simplify
|
YT g
2
wWyYF3a
|
BoYT (4
71'
YT Gy
/o
Jx
B} vET
- X
4x
v = F'l

In Exercises 27-32, find the value of the derivative of the function
atthe given point.

Function Point
7. o=+ (1
4 14
B fln=4~- 3 (5, 5)
B f) = ~3x(l + ) (1, =1)
0 oy= 3.\‘(.\‘2 - Z) (2, 18)
X
Mov=(2x + 1) ©, 1)
R fly) =305 — x)? (5,0)

in Exercises 33-46, find f'(x).

B.flx) = 57 = 4_ 3x72
X

SECTION 2.2

M flo) =
B fly) =

. flyy =
B, flx) =
N, flx) =

il f(\) =
43, f(\) =

Hofly) =

B oflo) =

¥ =3 — 32+ 5¢73

2
= 2x - ;": 36. flx) = x>+ 4x + -i—

M2+ 1)

(e + 22 =1
(3x* = 5x)(x2 + 2)
20V — 45 + 3

38. flx) =2+ 20)(x+ 1)

2. flv) = 2 —3x + 1

x> X
43 —3x2 4+ 2x + 5
2
—6x' + 342 — 2y + |
x
x5+ x 46. f(x) = x'/? — |

Some Rules for Differentiation 103

In Exercises 47-50, find an equation of the tangent line to the
graph of the function at the given point.

Function Point
47. v = —2x* + 5¢> — 3 (1,0)
48. vy = ' + x (=1,-2)
49. flx) = Ve + ¥x (1,2)
. 1
50. f(x) = - (-1.2)

In Exercises 51-54, determine the point(s), if any, at which the
graph of the function has a horizontal tangent line.

51y = —x* + 3% — |
52. y =3+ 3x2
53. v =4 + 5x
5.y =x"+ 2x

In Exercises 55 and 56,

{a) Sketch the graphs of f,g,and h on the same set of coordinate
axes.

(b} Find (1), g’(1),and h'(1).
(c) Sketch the graph of the tangent line to each graph when

x = 1.

55. f(x) = %3 56. f(x) = Jx
g)=x+3 gy) = Jx+4
hix) = x* -2 W)= Sx—2

57. Use the Constant Rule, the Constant Multiple Rule, and the
Sum Rule to find A'(1) given that f1(1) = 3.

(@) h{x) = flx) — 2 (by hix) = 2f(x)

¥ ¥

p

() h(x) = —f(x) (d) hlx) = ~1 + 2f(x)

\ ¥
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58.

39.
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Revenue The revenue R (in millions of dollars per year)

for Polo Ralph Lauren from 1996 through 2002 can be

modeled by

R = —1.17879r* + 38.36418% —~ 469.9941% + 2820.22¢
— 55717

where ¢ = 6 corresponds to 1996. 1.
Lauion Corp)

o s
wirces Pedo Roiph

Polo Ralph Lauren Revenue
R
3000
25001 - ;
1500 : Pra —
1000 t
{/\/6789101112t
Year (6 &> 1996)

Revenue
(in millions of dollars)

(a) Find the slopes of the graph for the years 1997, 2000,
and 2002.

(b) Compare your results with those obtained in Exercise
11 in Section 2.1.

(c) What are the units for the slope of the graph? Interpret
the slope of the graph in the context of the problem.

Sales The sales S (in millions of dollars per year) for Scotts
Company from 1997 through 2003 can be modeled by

§ = 8.70947t* — 341.0927¢3 + 4885.752:2
— 30,118.17t + 68,395.3

where # =7 corresponds to 1997. (Source: Scors
Copany
Scotts Company Sales
)
3 R o N
2 1500 __-,f-m-i—-- - -
®L 5 i i i
22 L |
45 / !‘
g | | : | ;
e | L,
~ 8 9 10 11 12 13

Year (7 & 1997)
(a) Find the slopes of the graph for the years 1998, 2001,
and 2003.

(b) Compare your results with those obtained in Exercise
12 in Section 2.1.

{c) What are the units for the slope of the graph? Interpret
the slope of the graph in the context of the problem.

@ 62.

60. Cost The variable cost for manufacturing an electri,|
component is $7.75 per unit, and the fixed cost is $500'
Write the cost C as a function of x, the number of u
produced. Show that the derivative of this cost function
constant and is equal to the variable cost.

nif,
iS H

61. Profit A college club raises funds by selling candy ban
for $1.00 each. The club pays $0.60 for each candy bar ang
has annual fixed costs of $250. Write the profit P as a fung,
tion of x, the number of candy bars .ﬁqld. Show that the
derivative of the profit function is a cdfisiant and is equal,
the profit on each candy bar sold. '

Psychology: Migraine Prevalence The graph illug
trates the prevalence of migraine headaches in males ang
females in selected income groups.  (Sewice: Adapreg
from: Sue/Sue/Sue, Understanding Abnormal Behayi
Seventh Edition)

(0r

Prevalence of Migraine Headaches

® 050 , :
5 045 i Males, < $10,0004~—
T g 040 /’ AN ;
2.5 035 ~
& 5 030 '
ég 0.25 Males’iszg’gpg__ ‘emales, < $10,000 5
g 020 ,/ ] N
S8 ousl—A - N\
g% P < \\
8 0'10*‘,,(,.—‘-""‘-—-« N e
Dl -
S 005p-% [T Females, 2 $30,000 T i
1020 30 40 50 6 70 80 -
Age '

(a) Write a short paragraph describing );our general obser
vations about the prevalence of migraines in females and
males with respect to age group and income bracket.

(b) Describe the graph of the derivative of each curve, and
explain the significance of each derivative. Include
explanation of the units of the derivatives, and indicat
the time intervals in which the derivatives would be
positive and negative.

@ In Exercises 63 and 64, use a graphing utility to graph fand f’ oves
the given interval. Determine any points at which the graph off
has horizontal tangents.

Function Interval
63. f(x) = 4.1x3 — 1222 + 2.5% [0, 3]
64. flx) = x3 — 1.4x2 — 0.96x + 1.44 [-2,2]

True or False? In Exercises 65 and 66, determine whether
the statement is true or false. If it is false, explain why or give an
example that shows it is false.

65. If f(x) = g'(x), then f(x) = g(x).
66. If f(x) = g(x) + c, then f/x) = g(x).

2.3

Average Rate of |
n Sections 2.1 and 2.2,

. Slope The derivative
a point (x, f(x)).

7. Rate of Change The
of f(x) with respect t

In this section, you will
change. A few are veloc
rates, production rates,
involve change with resj
variable with respect to
When determining
you must be careful to
change. The distinction
distinction between the
the slope of the tangent

l Definition of Avera

. Ify = f(x), then the
the interval [a, b] is

Average rate of

Note that f(a) is the
interval, f(b) is the -
interval, and b — a i

STUDY TI1P

In real-life problems
change. The units fo
measured in miles a
miles per hour.
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PREREQUISITE

REVIEW 2.3

In Exercises 1 and 2, evaluate the expression.
—63 — (—103)

1' 21 -7

In Exercises 3-10, find the derivative of the function.
Joy=4x*~2u+7
S. s = —16:2 + 24t + 30

7. A=15(-27 + 3r2 + 51)
x2
9. y=12 — 5000

The following warm-up exercises involve skills that were covered in earlier sections. You will
use these skills in the exercise set for this section.

—37—-54
2 16 - 3

4. y=-383+22 -8
6. y = —16x2 + S54x + 70

8. y = §(6x> — 18x? + 63x — 15)
3

x
10,000

10. y = 138 + 74x —

L Research and Development The graph shows the
amounts A (in billions of dollars per year) spent on R&D in
the United States from 1980 through 2002. Approximate the
average rate of change of A during each period. (S
LS. National Scienee Foundation

(a) 1980-1985 (b) 1985-1990
(d) 1995-2000 (e) 1980-2002

(¢) 1990-1995
(f) 1990-2002

Research and Development

Amount spent

(in billions of dollars)

Year (0 > 1980)

2. Trade Deficit The graph shows the values / (in billions
of dollars per year) of goods imported to the United States
and the value £ (in billions of dollars per year) of goods
exported from the United States from 1980 through
2002. Approximate each indicated average rate of change.

(Norrce: U5 faternational Toade Nemiinisticiiion s

(a) Imports: 19801990 (b} Exports: 1980-1990
(¢) Tmports: 1990-2000 (d) Exports: 1990-2000
(e) Imports: 1980-2002 (f) Exports: 1980-2002

Figure for 2

Trade Deficit

Value of goods
(in billions of dollars)

P TA_..;M._;

15 20
Year (0 &3 1980)

In Exercises 3-8, sketch the graph of the function and find its
average rate of change on the interval. Compare this rate with the
instantaneous rates of change at the endpoints of the interval.

3f)=2+7[,2 4 hx) =1 - x[0,1]
5. h(x) =x2 —4x + 2;[-2, 2]
6. flx) =x*—6x—1;[—1,3]

T flx) = % [1,4] 8. flx) = L; (1,4]

Vx
@ In Exercises 9 and 10, use a graphing utility to graph the function
and find its average rate of change on the interval. Compare this
rate with the instantaneous rates of change at the endpoints of
the interval.
9. glx) = x* = x2 + 2;[1, 3]
10. g(x) =% — 1;[~1,1]

1.

12.

Consumner Trends
visitors V to a nation
during 2 one-year peric

Visitors to a }

EIV R
1200 bt oo
900

600
300

Number of visitors
(in hundreds of thousands)

1234
Month ¢

(a) Estimate the rate

[9. 12] and explain
(b) Over what interv

approximately equ

Explain your reasc
Medicine The grap
milligrams of a pain -
hours after a 1000-mi
given.

Pain Medicatios
M

(000 - —ny e

Pain medication
(in milligrams)

Estimate the one-t
rate of change is tl

(a)
(b) Over what interv
approximately equ
Explain your reasc

Rt

. Medicine The effec

a pain-killing drug ¢ he
given by

I(9r + 312 -

E:E

Find the average rate
interval and compare
of change at the endps

@011 o[,
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Consumer Trends The graph shows the number of
b visitors V1o 4 national park in hundreds of thousands
dl;fiﬂo a one-year period, where ¢ = | represents January.
g )
Visitors to a National Park
v
1300
12o0
90

O

300

Number of visitors
(in hundreds of thousands)

RS e 1
123 456789101112
Month (1 < January)

(1) Estimate the rate of change of V over the interval
[9. 12] and explain your results.

(b) Over what interval is the average rate of change
approximately equal to the rate of change at t = 8?
Explain your reasoning.

12. Medicine The graph shows the estimated number of
milligrams of a pain medication M in the bloodstream ¢
hours alter a 1000-milligram dose of the drug has been
given.

Pain Medication in Bloodstream
M
4
1000
£z :
22 s
35 w0l
5 % 000
EZ ol
- + H
= E |
E S 2004

I T T A S S S
Hours

(a) Estimate the one-hour interval over which the average
rate of change is the greatest.

(b) Over what interval is the average rate of change
approximately equal to the rate of change at r = 47
Explain your reasoning.

3. Medicine The effectiveness E (on a scale from O to 1) of

a pain-killing drug t hours after entering the bloodstream is
given by

1
E=—Or+32~¢3), 0<r<4s.
27
Find the average rate of change of E on each indicated
interval and compare this rate with the instantaneous rates
of change at the endpoints of the interval.

@011 w2} ©[23] (@34
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14. Chemistry: Wind Chill At (0° Celsius, the heat loss H
(in kilocalories per square meter per hour) from a person’s
body can be modeled by

H = 331007 ~ v + 10.45)

where v is the wind speed (in meters per second).

. dH . . e
(a) Find o and interpret its meaning in this situation.
dv

(b) Find the rates of change of H when v = 2 and when
v =3,

15. Velocity The height s (in feet) at time ¢ (in seconds) of a
silver dollar dropped from the top of the Washington
Monument is given by

s = — 161> + 555.
(a) Find the average velocity on the interval [2, 3].

(b) Find the instantaneous velocities when r = 2 and when
t=3.

{c) How long will it take the dollar to hit the ground?
(d) Find the velocity of the dollar when it hits the ground.

@ 16. Physics: Velocity A racecar travels northward on a

straight, level track at a constant speed, traveling 0.750
kilometer in 20.0 seconds. The return trip over the same
track is made in 25.0 seconds.

(a) What is the average velocity of the car in meters per
second for the first leg of the run?

(b) What is the average velocity for the total trip?

Li

Marginal Cost 1n Exercises 17-20, find the marginal cost for
producing x units.(The cost is measured in dollars.)

17. C = 4500 + 1.47x 18. C = 104,000 + 7200x
19. C = 55000 + 470x ~ 0.25x%, 0 < x < 940
20. C = 100(9 + 3/%)

Marginal Revenue In Exercises 21-24,find the marginal rev-
enue for producing x units. {The revenue is measured in dollars.)

21 R = 50x — 0.5¢ 22. R = 30x — x*
23 R= —6x" + 8¢+ 200r 24, R = 50(20x — /)

Marginal Profit |n Exercises 25-28, find the marginal profit

for producing x units. (The profit is measured in dollars.)
25, P= =2 4+ 72¢x — 145

26. P = —0.25x> + 2000x — 1,250,000

27. P = —0.00025x> + 12.2x — 25,000

28, P = —0.5x + 30x* — 164.25¢ — 1000
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29. Marginal Cost The cost (in dollars) of producing «
units of a product is given by

C = 3.6/x + 500.

{a) Find the additional cost when the production increases
from 9 to 10 units.

(b) Find the marginal cost when x = 9,

(¢) Compare the results of parts (a) and (b).

30. Marginal Revenue The revenue (in dollars) from -

renting x apartments can be modeled by
R = 2x(900 + 32x - x?).

(a) Find the additional revenue when the number of rentals
is increased from 14 to 15.

(b) Find the marginal revenue when x = 14.
(c) Compare the results of parts (a) and (b).

31. Marginal Profit The profit (in dollars) from selling x
units of calculus textbooks is given by

p = —0.05x% + 20x — 1000.

(a) Find the additional profit when the sales increase from
150 to 151 units.

(b) Find the marginal profit when x = 150,
(c) Compare the results of parts (a) and (b).

32. Population Growth The population of a developing
rural area has been growing according to the model

P =222 + 52t + 10,000
where ¢ is time in years, with ¢ = 0 corresponding to 1990,

(a) Evaluate P for ¢ = 0, 10, 15, 20, and 25. Explain these
values.

(b) Determine the population growth rate, dP/dt.

(c) Evaluate dP/dr for the same values as in part (a).
Explain your results.

33. Health The temperature of a person during an illness is
given by T'= —0.0375:2 + 0.3t + 100.4, where ¢ is time
in hours since the person started to show signs of a fever.

@ (a) Use a graphing utility to graph the function. Be sure to
choose an appropriate window.

(b) Do the slopes of the tangent lines appear to be positive
or negative? What does this tel] you?

(¢) Evaluate the function for ¢ = 0,4,8, and 12.
(d) Find dT/dr and explain its meaning in this situation,
(e) Evaluate dT/dt fort = 0, 4, 8, and 12.

34. Marginal Profit The profit (in dollars) from selling x

units of a product is given by

P = 36,000 + 2048./x — L

o3 150 < x <275,

Find the marginal profit for each of the following saleg,

@ x=150  (b) x =175 (¢) x =200
(d) x = 225 (&) x =250  (f) x =275

35. Profit  The monthly demand function and cost functio,
for x newspapers at a newsstand are  given 4,

P=35-000lxand C =35+ | 5p
(2) Find the monthly revenue R as a function of x.
(b) Find the monthly profit P as a function of x.
(¢) Complete the table.

X 600
dR/dx
dP/dx
p

1200 | 1800 | 2400 | 3000

36. Economics Use the table to answer the questions be]oy,

Quantity
produced Total Marginal
and sold Price | revenue revenue
Q) (P (TR) (MR)
0 160 B U
2 140 280 130
4 120 480 90
6 100 600 50
8 80 [ 640 T o
10 60 600 —-30

(a) Use the regression feature of a graphing utility to find
a quadratic model that relates the total revenue (TRt
the quantity produced and sold (Q).

(b} Using derivatives, find a model for marginal revenue
from the model you found in part (a).

(¢} Calculate the marginal revenue for all values of Q using
your model in part (b), and compare these values with
the actual values given. How good is your model?

ESowices Adapted fron Tavion Economies, fourth Lddition

37. Marginal Profit When a glass of lemonade at a lemon-
ade stand was $0.75, 400 glasses were sold. When the price
was lowered to $0.50, 500 glasses were sold. Assume that
the demand function is linear and that the variable and
fixed costs are $0.05 and $20, respectively.

(a) Find the profit P as a function of x, the number of
glasses of lemonade sold.

(b) Use a graphing utility to graph P, and comment about
the slopes of P when x = 200 and when x = 400.

(¢) Find the marginal profits when 200 glasses of lemonade
are sold and when 400 glasses of lemonade are sold.

-
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the slopes of P whe

(c) Find the marginal
and when 36,000 t

19, Marginal Profit I
decreased to 30,000 w
would this change the

40. Marginal Cost Th
modeled by C = v(x)
cost and k represents ti
cost is independent of

41. Profit The demand
p=50/Vx for 1 <.
given by C = 0.5x + .

Find the marginal prc
(c) x = 2500, and (d)

B you were i charge
what price would you

42, Inventory Managen
" 'a “'manufacturer is gi
where Q is the order si
Find the change in an
350 to 351, and comp:
change when Q = 35t

3. Center of Populati
ulation of the United S
ward. Use the figure t«
at which the center ¢
during the given perio
(a) From 1790 to 190

(c) From 1790 to 200

Chicaga

INDIANA

1LLINOIS

Springticld Indianapolis
Py .

5 .
N i 180

1960 1950, g0 o ¢ ja

a o | b, 1900 i

1920
21970 940

Louisvi

KENTUCKY

® Nushwlle

TENNESSEE




ing Saleg
)

j

Jst fUnth

given .

fx

ns belog,

¥ to find
( TR

revemg

Q using
1es with
el?

Celit
lemon-
1€ price
me that
sle and

\ber of

t about
0.

1onade
old.

Marginal Profit When the admission price for a
L paseball game was $6 per ticket, 36,000 tickets were sold.
When the price was raised to $7, only 33,000 tickets were
sold. Assume that the demand function is linear and that the

variable and fixed costs for the ballpark owners are $0.20
and $85.000, respectively.

tickets sold.

g(b) Use a graphing utility to graph P, and comment about
the slopes of P when x = 18,000 and when x = 36,000,

(c) Find the marginal profits when 18,000 tickets are sold
and when 36,000 tickets are sold,

w0, Marginal Profit In Exercise 38, suppose ticket sales
decreased to 30,000 when the price increased to $7. How
would this change the answers?

#. Marginal Cost The cost C of producing x units is
modeled by C = v(x) + k, where v represents the variable
cost and & represents the fixed cost. Show that the marginal
cost is independent of the fixed cost.

il Profit  The demand function for a product is given by
p =50/ /x for 1 < x <8000, and the cost function is
given by C = 0.5x + 500 for 0 < x < 8000.

Find the marginal profits for (@) x =900, (b) x = 1600,
(e} x = 2500, and (d) x = 3600,

If you were in charge of setting the price for this product,
what price would you set? Explain your reasoning.

. Inventory Management The annual inventory cost for
a manufacturer is given by C= 1,008,000/0 + 6.30,
where O is the order size when the inventory is replenished.
Find the change in annual cost when Q@ is increased from
350 to 351, and compare this with the instantaneous rate of
change when Q = 350,

8. Center of Population Since 1790, the center of pop-
ulation of the United States has been gradually moving west-
ward. Use the figure to estimate the rate (in miles per year)
at which the center of population was moving wesnvard
during the given period. oo vy e

(a) From 1790 to 1900 {b) From 1900 to 2000

' PENNSYLVANIA I

Erie
OHIO Cleveland

(¢) From 1790 to 2000

Chicago

INDIANA

Lisors

Columbus, ® Pitishurgh

Phitudeiphia

Sprnatich)

n.umgmnhs 17915

M1 U.’AIllmlvrgm

1930 y 1RO | Cincinati 16y 1830 1840 \J&20) 1800
® s @ g ]

o asaQ L 12N !
Y kas s s T f 1830
° ° Ly 1900—"1 MET Charle 30 hingion. .
} 1920 roor 1580 gr eston whinglos,

1940

WEST
VIRGINIA

Louisville Richmond @

KENTUCKY VIRGINIA

® Nindnitie & Center of Population

NORTH
CAROLINA

TENNESSEE O S0 10 mides

SECTION 2.3

{a) Find the profit P as a function of x, the number of

Rates of Change: Velocity and Marginals 119

44. Consumer Awareness A car i driven 15,000 miles 3
year and gets v miles per gallon. The average fuel cost is
$1.30 per gallon. Find the annua] cost C of fuel as a func-
tion of x and use this function to complete the table.

x
C
dC/dx

Who would benefit more from a I mile per gallon increase
in fuel efficiency—the driver who gets 15 miles per gallon
or the driver who gets 35 miles per gallon? Explain.

45. Writing The number N of gallons of regular unleaded
gasoline sold by a gasoline station at g price of p dollars per
gallon is given by N = f(p).

(a) Describe the meaning of f7(1.479).
(b) Is f1(1.479) usually positive or negative? Explain,

@ 46. Consider the function given by f(x) = % 0<xx<s,

(a) Use a graphing utility to graph f and £’ in the same
viewing window.

(b) Complete the table.

« i [4[E 2T s 5

fx)
fx) ]

(c) Find the average rate of change of f over the intervals
determined by consecutive x-values in the table.

@ InExercises 47 and 48, use a graphing utility to graph fand f”. Then

determine the points (if any) at which f has a horizontal tangent.
47. f) =10, -2<yc<2

B Sl =0t~ 120 + 520 - 96y 4 64, | Sx<S

@49. Biology Many Populations in nature exhibit logistic

growth, which consists of four phases, as shown in the fig-
ure. Describe the rate of growth of the population in each
phase, and give possible reasons as to why the rates might
be changing from phase to phase. (-~ .., . g '

H L O IS
Fibaa L [ .

Acceleration Deceleration
phase phase

T

Equilibrium

Population

Time
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= ises 23-38, find the
. PREREQUISIT E The following warm-up exercises involve skills that were co‘m In Exercise X ,
. REVIE W 2.4 use these skills in the exercise set for this section. 23, fl) = v = 3)(2x2

b ) = (0~ 1) -
In Exercises 1-10, simplify the expression. 3 2. gl) = (21 = 1)?
L (2 + 1)Q) + 2 + 7)(29) 2. (2x = F)(8x) + @x))(2 - 3y?) b s i) = (0 =2
3. x(4)x2 + 2P 2x) + (x2 + 4)(1) 4. ¥Q2)2x + 1)) + (2x + 1)*2x) 7, flx) = Va(Sx+ 3)
2x + 7)(5) ~ (5x + 6)(2) 2 = )(2x + 1) - (2 + y)(2) i
> (20 + 712 6 (2~ 42 | = Vbe 1)
7. 2+ D@ - @x+ ey 8. (L=594) = (4x ~ D(—av) \ | I
' G2 ¥ 12 ' (1= x)2 | ) =5
_ . L= x"0(1) = (x ~ 4)(x2 ‘
9. ("' + ¥)(2) + (2 = 3)(—x2 + 1) 10. ( 3 zg )_x—(f)z 9 ? 32 o) = (x° = 3y) (iq)
In Exercises 11-14, find f(2). i B = x(l - l)
1L fx) =3x2 ~x + 4 ' 2. fl) = =3 + x2 + g4 . 0 r+2
oMo =
1 1 i -+ 5t+6
13. == 14, fx) = x2 — = J
I * & x? ! ()= +S
1 35 gls) = Nz
() = x+ 1
36. flx 7
EM’E&CI&I"Q] F. @ ] x =3\
3. glx) = (m X+
In Exercises 114, find the value of the derivative of the function Function ‘Point - T .
at the given point. 2o 38, fl) = Bx + 4x)(x -
. . 13. =— ,
Function Point 3 f0) r+4 1.9 'ln Exercises 3944, find an
L f(y) = 230 1) (1,2) ' 14, g0 4y - § 0.5) 1 graph of the function at i
= g x = , e .
By (g ot g e
. -1 — _4
3. flo) = 328 - 9) (O’ 3) In Exercises 15-22, find the derivative of the function. Use Function
=1(s _ ¢ 2 1
4 fl) =3(5 - 6x2) (1, H Example 7 as a model. B f) = (v = 1) - :
5. 8(0) = (x2 - 4x + 3)x-2) {4, 6) Funcrion Rewrite  Differentiate Simplify 0. h(x) = (22 = 1)
6. glx) = (x2 — 2y + D3 - 1) (1,0 _ X2+ 2 -
‘ 15. y = X il flx) = ‘T?
7. h(x) = — (6,6) 3/2 X
¥S 16. y = ¥ 2 + 1
3 I "= x 2, flx) = ==~
8. hl(x) = = (—1 —) =l
A 2 17.y= L v+ 5
2 -3 3 TS 8B flo) = (;)m +
x—1
9. flp) = g J)
3+ 1 2 18 v = 4 -5
1y 3 b 5x2 Hogl) = (x + 2)<Tl
10, fx) = — (~1 __) p
X+ 4 "5 19 o 4?3y
e+ 1 Y= 8/ I Exercises 45-48, find the
1. g) = s (6, 13) 3x2 — 4y Fhas a horizontal tangent,
20, y = T 2
X+ B fly) ==
12 ) = = (2,3) v+ 3 =1
21 y=2"%+3
x—1 o
2 7, fly) = —
2 y=5 "4 ) o2+
" x+2




T

~in grercises 23-38, find the derivative of the function.

B fl) =& = 3022 + 3x + 5)
i " nn) = (& — )4 — 7t - 3)
4 5 g(t) - (2?3 - 1)2
2¢5,h(p)=(173*2)2
8 ) = Yale + 1) 2. f) = 222
, 435 +2 % —x2
W ) = % L flx) = _T%
2 0 = 02 = 39 (%)
2
33'f(")=x(1_x+ 1)
2
KO =
()_sz—2s+5
. L
%, fx) = x+1
. . g() ( )(x2+2x+1)
3. Fx) = (B + 4x)(x — 5)x + 1)

bin Exercises 39- 44, find an equation of the tangent line to the
graph of the function at the given point. Then use a ‘graphing
utility to graph the function and the tangent line in the same
viewing window.

Function Point
B fx)= (- 1)2(x—2) 0, =2)
0. h(x) = (x2 ~ 1)? (=2,9)
1 =122 (1.-3
8 fl) = 2xx—+11 @.5)
8. fx) = ( )(Zx +1) (0,-5)

4o -6+ 2(22) 010

In Exercises 45-48, find the point(s), if any, at which the graph of
fhas a horizontal tangent.

52 2
5. flx) = P 46. f(x) = Z—_;T
4
. flx) = 5 48, fly) = 553
x + 1 + 1

SECTION 2.4  The Product and Quotient Rules 129

@ In Exercises 49~52, use a graphing utility to graph f and f’ on the
interval [—2, 2].

49. fx) =x(x+ 1)
50. f(x) = xAx + 1)

fO) = x(x + Dlx - 1)
52, flx} = x*x+ Dx— 1)

Demand i Exercises 53 and 54, use the demand function to
find the rate of change in the demand x for the given price p.

- __3 _
53.x—275(1 5P+1),p—$4,

54. x = 300 — p——ZBT,p=$3

55. Environment The model

2—1+1
0 ="
measures the percent of the normal level of oxygen in a
pond, where ¢ is the time (in weeks) after organic waste is
dumped into the pond. Find the rates of change of f with
respect to f when (a) t = 0.5, (b) ¢t = 2, and (c) r = 8.

56. Physical Science The temperature T of food placed in
a refrigerator is modeled by

o f42 + 161 + 75)
r= 10( 2+ 4+ 10
where t is the time (in hours). What is the initial tempera-
ture of the food? Find the rates of change of T with respect
totwhen(a):r=1,(b) t =3,(c) t =5,and (d) ¢ = 10.
Population Growth A population of bacteria is

introduced into a culture. The number of bacteria P can be
modeled by

4t
P = 500(1 + 30+ tZ)

where ¢ is the time (in hours). Find the rate of change of the
population when ¢ = 2.

Quality Control The percent P of defective parts
produced by a new employee ¢ days after the employee
starts work can be modeled by
_ 1+ 1750
50(t + 2)

Find the rates of change of P when (a) t = 1 and (b) ¢ = 10.

57

.

58,

59. Profit You decide to form a partnership with another
business. Your business determines that the demand x for
your product is inversely proportional to the square of the
price for x = 5.

(a) The price is $1000 and the demand is 16 units. Find the
demand function.
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(b) Your partner determines that the product costs $250 per
unit and the fixed cost is $10,000. Find the cost
function.

@ (¢) Find the profit function and use a graphing utility to

@ 60.

@ 61.

@ 62.

63.

graph it. From the graph, what price would you
negotiate with your partner for this product? Explain
your reasoning.

Profit  You are managing a store and have been adjusting
the price of an item. You have found that you make a
profit of $50 when 10 units are sold, $60 when 12 units are
sold, and $65 when 14 units are sold.

(a) Fit these data to the model P = ax? + bx + c.
(b) Use a graphing utility to graph P.

(c) Find the point on the graph at which the marginal profit
is zero. Interpret this point in the context of the problem.

Demand Function Given f(x)=x*+ 1, which
function would most likely represent a demand function?

(a) p=fx)

(b) p = xflx)

© p=1/f

Explain your reasoning. Use a graphing utility to graph each

function, and use each graph as part of your explanation.

Cost The cost of producing x units of a product is given by
C=x— 152 + 87x — 73, 4<xg9.

(a) Use a graphing utility to graph the marginal cost
function and the average cost function, C/x, in the
same viewing window. ‘

(b) Find the point of intersection of the graphs of dC/dx
and C/x. Does this point have any significance?

Inventory Replenishment The ordering and trans-
portation cost C (in thousands of dollars) of the components
used in manufacturing a product is given by

200 x)

+
x2 x+30

C=100< <x

where x is the order size (in hundreds). Find the rate of
change of C with respect to x for each order size.

(a) x=10

(b) x=15

() x=20

What do these rates of change imply about increasing the
size of an order?

64.

65.

~ dP/dt and evaluate it for t = 5,7, 9, and 11. Interpret the §

Sales Analysis The monthly sales of memberships i,
a newly built fitness center are modeled by

300r

M) = 12+ 1

+8

where ¢ is the number of months since the center openeq, k
(a) Find M1(1).

(b) Find M(3) and M ’(3) and interpret the results.
(c) Find M(24) and M "(24) and interpret the results,

Consumer Awareness The prices of | pound of 100g
ground beef in the United States from 1995 to 2002 can,
modeled by
p= 1.47 — 0311z + 0.01737>

1 — 0.206: + 0.0112¢2

where ¢ is the year, with 7 = 5 corresponding to 1993. Fing

meaning of these values.
Statistics)

(Sowrce: VLS. Burcant of Labe

BUSINESS CAPSULE

The Blackwood Centre for Adolescent Develop-
ment, a state-sponsored secondary school for
young people at risk in Victoria, Australia, joined
forces in 2000 with the Centre for Executive
Development (CED). With the CED providing
fundraising and logistical support, the Blackwood
Centre has been able to transform its program into
a model of success, offering their students training
apd educationat opportunities for entry into the
business world. The CED has gained team-building
skills, improved workplace assessment methods,
and a stronger connection to the community.

66. Research Project Use your school’s library,
the Internet, or some other reference source to find
information about partnerships between companies
and federal, state, or local government that have
benefited their communities. (One such partnership
is described above.) Write a short paper about the
partnership.

r

The Chain Rule

[ this section, you wil
calculus—the Chain Rul
and adds versatility to th
compare the functions b
Chain Rule, whereas thot

Without the Chain k

y=x2+l

y=x+l

y=3x+2

_ x+35

y_x3+2
The Chain Rule

If y = f(u) is a diffe
tiable function of x,

dy _dy  du
dx du dx

or, equivalently,

L1 ftgtn =

Basically, the Chain
uchanges du/dx times ¢

dy du
du dx
times as fast as x, as i

notation for derivatives
as the Chain Rule. For i

dy/dx = (dv/du)(d.

you can imagine that the
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. PREREGUISITE
i REVIEW 2.5

L J(1 — 5x)32 2. Y2 - 1)
4 1 5 Jx o
" Yi=6 YT -

In Exercises 7-10, factor the expression,
7.3 —6x2 +5x— 10
9. 402 + 1)? = x(x2 + 1)}

R/

- T

8 SxVx—x—-5/x+ 1
10, =65 +323 + 2 -3

The following warm-up exercises involve skills that were covered in earlier sections. You will
use these skills in the exercise set for this section.

In Exercises 1-6, rewrite the expression with rational exponents.

1

V{3 - )3

EXERCISES: 2.

In Exercises 1-8, identify the inside function, u = g(x), and the
outside function, y = f(u).

y = flglx)) u = glx) y = flu)

1.y = (6x — 5)*

2. y=(x - 2x + 3)3

y=(4 - )1

4.y = (a2 + 1)¥3

5.y=V5x-2

6. y=./9=4

7.y=0Cx+ 1!

8 y=(+ P

In Exercises 9-16, match the function with the rule that you

would use to find the derivative most efficiently.
(a) Simple Power Rule (b) Constant Rule

(c) General Power Rule (d) Quotier.t Rule

9. flo) = 2 10. ) = 2

11. f(x) = Y87 12, f(x) = I3

13. f(x) = ”: 2 14. f(x) = ‘4;5";—’
15. f(x) = x%z 16. f(x) =Xzi 1

In Exercises 17-34, use the General Power Rule to find the deriv-
ative of the function.

17. y = (2x — 7)3
19, g(x) = (4 — 2x)3
21, A(x) = (6x — x?)2

18. vy = (3¢ + 1)
20. h(r) = (1 ~ s2)+
22, flx) = (4x — x2)3

23, f(x) = (& — 9)3
25 fn=Vr+1

27. 50 = V22 ¥ 5r ¥ 2
029 y=30xT 14

3. flx) = -342 - 0x
33. h(x) = (4 — x3)~43

24. f(1) = (9r + 2023

26. g(x) = V2x + 3

28. y = Y35 + 4&x

30. y=2/4-2

32. flx) = (25 + x¥)~12
34. f(x) = (4 — 302

In Exercises 35-40, find an equation of the tangent line to the
graph of f at the point (2, £(2)). Use a graphing utility to cheq

your result by graphing the original function and the tangentline
in the same viewing window.

35. flx) = 202 — 1)3
3. f(0) = A2 =7
39, flo) = V/x¥=2x + 1

36. f(x) = 3(9x — 4}
38. flx) =x/2+5
40. f(x) = (4 — 3x2)-23

' In Exercises 41-44, use a symbolic differentiation utility to find

the derivative of the function. Graph the function and its derive
tive in the same viewing window. Describe the behavior of the
function when the derivative is zero,

41, flx) = f:]‘ 42, flx) = xi"l

3. f(0) = . /";“ '

In Exercises 45~ 64, find the derivative of the function.

4. fx) = V22 - )

| 1
45.))—1‘:__2 46. .s(t)—m—l
4 3
Vov=-t53p B S0 =T
o 1
B0 = mmay R B

F

|
st gl =35

g, flo) = a(3x — 9)
. 2x

5,y =4V + 3
57, y= tl\/f -2

3 -2
3. flx) = 4x

f oo =vaisT-J

fLy= Vr— I+ Vx +

6 — 5x\?
63«)’:(".: -1

in Exercises 65-70, find an .
graph of the function at th.
utility to graph the functior
viewing window.

Function

N

o f) = (2= 9)/r+2
2x

B.y= i+

69, flx} = Sl

2x—3

. Compound Interest
with an annual inter
compounded monthly. ,

r\
A= 1000(1 +E)

Find the rates of char
(@) r = 0.08, (by r = 0.

. Environment Anen
average daily level P of
per million can be mod

P =0.25./0.5n* +

where n is the number
thousands. Find the rat
increasing when the pog
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6 50y e
o= (l2 _ [) 64. y (3 —

in Exercises 65-70, find an equation of the tangent line to the

«aph of the function at the given point. Then use a graphing
3xility to graph the function and the tangent line in the same
viewing window,

Function Point
36
- —_ .4
0= 570 0.4)
1
66, s(x) = — (3, 3

JYP =3+ 4

6. f( =1~ 9 /T T2 (-1, -8)
=t (3,3)
8.y= NN ’
v+ |
L fly) = (2,3)
8. flx) s »
Moy=—— (0, 0)
V25 + 2

. Compound Interest You deposit $1000 in an account
with an annual interest rate of r (in decimal form)
compounded monthly. At the end of § years, the balance is

r 60
A=1000(1 + L)
{ 10)0(1 12)

Find the rates of change of A with respect to r when
{a) 7 =0.08, (b) r = 0.10, and (c)r=0.12.

2. Environment An environmental study indicates that the
average daily level P of a certain pollutant in the air in parts
per million can be modeled by the equation

P =025/0.5n2 + 51 + 25

where n is the number of residents of the community in
thousands. Find the rate at which the level of pollutant is
increasing when the population of the community is 12,000.

SECTION 2.5  The Chain Rule 139

73. Biology The number N of bacteria in a culture after ¢
days is modeled by

3

Complete the table, What can you conclude?

t 01172]3]4

dN/dt

74. Depreciation The value V of a machine ¢ years after it
is purchased is inversely proportional to the square root of
7+ L. The initial value of the machine is $10,000.

(@) Write V as a function of t
(b) Find the rate of depreciation when t = |,
3.

75. Depreciation Repeat Exercise 74 given that the value of
the machine ¢ years after it is purchased is inversely
proportional to the cube root of 7 + 1.

(¢) Find the rate of depreciation when ¢

@ 76. Credit Card Rate The average annual rate r (in percent

form) for commercial bank credit cards from 1994 through
2002 can be modeled by

r= V—=0.14239r* + 39307~ 30.083577 1 161.037: + 22.13

where r =4 corresponds to 1994,

(a) Find the derivative of this model. Which differentiation
rule(s) did you use?

(b) Use a graphing utility to graph the derivative. Use the
interval 4 < 1 < 12,

(¢) Use the rrace feature to find the years during which the
finance rate was changing the most.

(d) Use the trace feature to find the years during which the
finance rate was changing the least.

True or False? |n Exercises 77 and 78, determine whether
the statement is true or false. If it is false, explain why or give an
example that shows it is false,

7706y = (1 = 0" then y’ = L1 — =12
78. If v is a differentiable function of u, u is a differentiable
function of v, and v is a differentiable function of x, then

dy _dv du dav

dx  du dv dv

e
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SECTION 2.6

Higher-Order Derivatives 14!

PREREQUISITE
REVIEW 2.6

In Exercises 1-4, solve the equation.
1. — 1662 +24r =0
3, — 1662 + 128 + 320 = 0

In Exercises 5-8, find dy/dx.
S5.y=x2x+7)

x2
T+ 7

7.y

In Exercises 9 and 10, find the domain and range of £,
9. flx) =x2 -4

:1s off
>celen
ion,

— 7

‘ 5. f(x) = x5 — 34
17, f(x) = Sx(x + 4)?

The following warm-up exercises involve skills that were covered in earlier sections. You will
use these skills in the exercise set for this section.

2. —16° + 80t + 224 = 0

4. =162 + 9 + 1440 = ¢

6. y = (x2 + 3x)(242 - 5)

x% + 3x
22 -5

10. fx)=V/x—=7

EXERCLISES 2.6

§ nesercises 1-14, find the second derivative of the function.

1L fx)=5-4x 2. flx)y =3x -1

L) =x+7x -4 4. f(x) = 3x2 + 4x

5.80) =38~ 42 + 24 6. f(x) = 4(x2 - 1)?

T fl) = 4%2 8. g(t) =13
9 flx) =3(2 — x?)3 10, f(x) = x¥x

x+ 1 4
11 f(x) = s 12. g(t) = —m
B y=x2x2+ 4x + 8) 14, h(s) = 53(s2 - 25 + 1)

In Exercises 15~ 20, find the third derivative of the function.
16, f(x) = x4 — 2x3
18. f(x) = (x - 1)?

-3
16x2

M. £y 20, f(x) =%

In Exercises 21~ 26, find the given value,

Function Value
A og(r) =504+ 102 + 3 g’(2)
2. flx) =9 - x2 F(=V5)
Bfly=/a=% F(=5)
U fn=2r+3 %)
B fl0) = 23x2 + 3¢ — 4) =2
8. g(x) = 2092 — 5x + 4) £”(0)

In Exercises 27-32, find the higher-order derivative,

27.
28,
29,
30.
31
32

Given Derivative
) =222 )
fx) = 2063 ~ 36x2 )
&) = (2x - 2)/x %)
) =2/x=1 ALEy
FO0) = (e + 17 192
f6) = 2~ 2 16

In Exercises 33-40, find the second derivative and solve the
equation f"(x) = 0.

33.
34,
3s.
36.
37.

39.

41.

f&) =x3 = 9x2 4+ 27¢ — 27

fx) =323 —ox + |

fO) = (x + 3)(x ~ d)(x + 5)

fO) = (x + 2)(x ~ 2)(x + 3)x - 3)

f) = x AT 71 38, flx) = x/4 = 22
X X
fl) = 213 40. f(x) = T
Velocity and Acceleration A ball is propelled straigh

upward from ground level with an initial velocity of 14«
feet per second.

(a) Write the position function of the ball.
(b) Write the velocity and acceleration functions.

(c) When is the ball at its highest point? How high is thi
point?

(d) How fast is the ball traveling when it hits the ground’
How is this speed related to the initial velocity?
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42. Velocity and Acceleration A brick becomes dislodged

43

&

44.

from the top of the Empire State Building (at a height of
1250 feet) and falls to the sidewalk below.

(a) Write the position function of the brick.
(b) Write the velocity and acceleration functions.
(c) How long does it take the brick to hit the sidewalk?

(d) How fast is the brick traveling when it hits the sidewalk?

Velocity and Acceleration The velocity (in feet per
second) of an automobile starting from rest is modeled by
ds_ 900
da ++10

Create a table showing the velocity and acceleration at
10-second intervals during the first minute of travel. What
can you conclude?

Stopping Distance A car is traveling at a rate of 66 feet
per second (45 miles per hour) when the brakes are
applied. The position function for the car is given by
s = —8.25¢2 + 66¢, where s is measured in feet and t is
measured in seconds. Create a table showing the position,
velocity, and acceleration for each given value of #. What
can you conclude?

@ In Exercises 45 and 46, use a graphing utility to graph f,f’, and f"in
the same viewing window. What is the relationship among the
degree of f and the degrees of its successive derivatives? In
general, what is the relationship among the degree of a
polynomial function and the degrees of its successive derivatives?

45, f(x) = x* —6x + 6

46. f(x) = 3x3 — 9x

In Exercises 47 and 48, the graphs of £, f’, and f” are shown on

the same set of coordinate axes. Which is which? Explain your
reasoning.

47.

48.

R

1
t

-2

49. Data Analysis The table shows the median prices y (in

thousands of dollars) of new privately owned U.S. homes in
the South for 1995 to 2002.

(Nowrce: 285 Consus Direaini

t |5 6 7 8 9
LY 124.5 1 126.2 | 129.6 | 135.8 | 145.9

|10 11 12

Yy | 148.0 | 1554 | 1634

@ (a) Use a graphing utility to graph the model and plot t

50.

@ (f) Use a graphing utility to graph the position, velocity

True or False?

52.

56.

57.

(e How high does the object go?

. If /(c) and g’(c) are zero and h(x)
. If f(x) is an nth-degree polynomial, then f"'*!(x) = 0.

. The second derivative represents the rate of change of the

A model for the data is
y = —0.0828+ + 2.443¢* — 17.06r + 158.7 “

where ¢ is the year, with # = 5 corresponding to 1995,

data in the same viewing window.
(b) Find the first and second derivatives of the function,

(c) Show that the price of homes was increasing from 19g4
to 2002.

(d) Find the year when the price was increasing at th
greatest rate.

(e) Explain the relationship among your answers for pan
(b), (c), and (d).

Projectile Motion  An object is thrown upward from the
top of a 64-foot bu1ldmg with an initial velocity of 48 feg
per second. ;

(a) Write the position function of the object.
(b) Find the velocity and acceleration functions.
(c) When will the object hit the ground?

(d) When is the velocity of the object zero?

and acceleration functions in the same viewing
window. Write a short paragraph that describes thé
relationship among these functions.

If y = f(x)g(x). then y" = fx)g'(x).

Ify = (x + 1)(x + 2)(x + 3)(x + 4), then i

= f(x)g(x), then K'(c) =0.

4y,

first derivative.

If the velocity of an object is constant, then its acceleration
is zero.

Finding a Pattern Develop a general rule for [x f(x)}
where f is a differentiable function of x.

In Exercises-51-56, determine whether the |-
statement is true or false. If it is false, explain why or give an
example that shows it is false.

51.

implicit and Expli

§o far in the text, functic
in the explicit form y =
given in terms of the otl

y=3x-5, § =

are each written in expl
and w, explicitly. Many
implied by a given eque

Find dv/dx for the eque
xy = L

sOLUTION  In this equ

. 10 find dv/dx is first to

xy =1

|
=
L

dy
dx

Il

TRY IT 1

Find dy/dx for the eq

The procedure she
write the given functiol
you are unable to solve
dy/dx in the equation

Xz — 2y3 + 4,V =

where it is very difficu
can use a procedure ca
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PREREQUISITE

v 9y = 36
The following warm-up exercises involve skills that were covered in earlier sections. You will 9 e
REVIEW 2.7 i

use these skills in the exercise set for this section. ¥

In Exercises 1-8, solve the equation for Y.

4 =_1_
Tx-3 7y

Lx-2=2 2
X

Joxy—x+6y= 4. 12+ 3y = 452 + x2y

5. x24+y2=35 6.x=:’:\/6-§y2

In Exercises 7-10, evaluate the expression at the given point.

: pn Exercises 31-34, find dy

3 -4 x2-2 1 aplicit functions are shown
3y @1 8. 1-y’ ©,-3) : results are equivalent. Use t
5. 1 ; e tangent line at the labe
X ! . .
% T, (- s T .} malytically by evaluating dy
3y2 — 12y +5 ( 1 2) 10 yz - ny + 2 (4, 3) ‘ analy

fu g0 =2s

EXERCESES 2.7

In Exercises 1-12, find dy/dx. Equation Point
L S5xy =1 2. 32—y = 6x 18, ¥y + y2x = -9 2, -1
Iy=1l-20<x<] 19, By3 —y =« (0, 0)
343 =
4 4y - 3_ 0 - 20. 7 + y3 = 2xy (4, 1)
y 2L X2+ g2 = g (16, 25)
252 _ 40
5. x%y?—dy = | 2. Syy=x-2y “ 1
6. ,‘vy2 + dxy = 10 23, X3 4y = 5 ' 3, 1)
74yt -xy =2 4. (P =443 (=11
8 20yt -y =2 . Y
2 =y In Exercises 25-30, find the slope of the graph at the given point, boy=Va-d
9'm=5 25. 32 -2y +5=09 26, 4+ 2y -1 =9 1‘ e -
2 T
10 22X [
y-—x
2y {(2,—1) ,
2x — y
2x +y y=-Vix -1
12, ——= =
x— 5y

In Exercises 13-24, find dy/dx by implicit differentiation and
evaluate the derivative at the given point.

Equation Point
13 ¥ + 2 =49 (0,7) i Exercises 35-40, find eqllj
aph at the given points.
22
Mt -y 16 4.0) fquation and the tangent lint
15. y+xy=4 (=5 -1 Equation
16. x* — y3 =3 . 2.1

5. 42+ 2= 169
7. ¥ -y + 32 =4 (0. -2) ‘




3. 2 -y =0

/
2
=
%
+
o
<
t
|
L
N

jn Exercises 31-34, find dy/dx implicitly and explicitly (the
explicit functions are shown on the graph) and show that the
results are equivalent. Use the graph to estimate the slope of
the tangent line at the labeled point. Then verify your result
analytically by evaluating dy/dx at the point.

o2 +y? =125 32. 9x% + 16y? = 144
y = V25 — x? _ V144 — 9¢?
y Y 4
V3
iR t—t— - x
_ 2
y=-VB TR y ==

34, 492~ 2 =7

Loy =Vae-1 y=___‘xz+7
2
3. y
L
| \'" 3,2
@2, -1
- : bt pt—tt v
y=-Vx -1 _4:
+
Vx: + 7
YETT

gln Exercises 35-40, find equations of the tangent lines to the
graph at the given points. Use a graphing utility to graph the
equation and the tangent lines in the same viewing window.
Equation

35. 2 4+ y2 = 169

Points
(5, 12) and (— 12, 5)
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Equation Points

36. x* +y? = (0,3) and (2, V/3)

37. y? = 5¢° (1. /3)and (1, - V3)

38. dxy + X2 =35
39. P +y3=8

(1, 1) and (5, = 1)
(0, 2) and (2, 0)

2= X _
40, y g (2,2)and (2, -2)
Demand n Exercises 41~ 44, find the rate of change of x with
respect to p.

41. p = 0.006x* + 0.02x> + 10, x 20
42. p =0.002x* + 0.01x2+ 5, x20

43. p =

, 0<x <200

0 < x <500

45. Production Let x represent the units of labor and y the
capital invested in a manufacturing process. When 135,540
units are produced, the relationship between labor and
capital can be modeled by 100x07%y025 = 135,540,

(a) Find the rate of change of y with respect to x when
x = 1500 and y = 1000.

@ (b) The model used in the problem is called the Cobb-
Douglas production function. Graph the model on a
graphing utility and describe the relationship between
labor and capital.

46. Health: U.S. AIDS Epidemic The numbers (in mil-
lions) of cases y of AIDS reported in the years 1994 to 2001
can be modeled by

y2 + 4436 = —4.2460¢* + 146.82113 — 1728.00¢8
+ 7456.6¢

where t = 4 corresponds to 1994.
jor Disease Control and Prevention)

(Sogrce: LLS Centers

@ (a) Use a graphing utility to graph the model and describe
the results.

(b) Use the graph to determine the year during which the
number of reported cases decreasing most rapidly.

(¢) Complete the table to confirm your estimate.

t 4 45 6 | 7 819 |10 11




160

CHAPTER 2

Differentiation

FREREQUISITE
‘WEVIEW 2.8

%

In Exercises 1-6, write a formula for the given quantity.
1. Area of a circle
3. Surface area of a cube

5. Volume of a cone

In Exercises 7-10, find dy/dx by implicit differentiation.
7. x2+y?=9

9. x2+2y+xy=12

The following warm-up exercises involve skills that were covered in earlier sections. You will
use these skills in the exercise set for this section.

2. Volume of a sphere ‘
4. Volume of a cube

6. Area of a triangle

8 3xy—x2=6 !
10. x + xy? ~ y2 = xy

EXERCISES 2.8

In Exercises 1~4, find the given values of dy/dt and dx/dt.

Equation Find Given

Ly=x2- % (a)% x=4,%§=8
% r=wPon

2.y =x%- 3y (a)i% x=3,i17':=2
®F  x=1 Lo

.y =4 (a)% x=8,-‘(%=10
(b)‘;—‘: x=1,%=—6

4. x2+ y2 =25 (a)ill—': x=3,y=4.%=8
(b)% x=4,y=3,%=—2

. Area The radius r of a circle is increasing at a rate of
2 inches per minute. Find the rates of change of the area
when (a) r = 6 inches and (b) r = 24 inches.

. Volume The radius r of a sphere is increasing at a rate of
2 inches per minute. Find the rates of change of the volume
when (a) r = 6 inches and (b) r = 24 inches.

. Area Let A be the area of a circle of radius r that is

changing with respect to time. If dr/dt is constant, is dA/dt
constant? Explain your reasoning.

- Yolume Let V be the volume of a sphere of radius r that

is changing with respect to time. If dr/dt is constant, is
dV/dt constant? Explain your reasoning.

10.

11.

12.

Volume A spherical balloon is inflated with gasatap}

of 20 cubic feet per minute. How fast is the radius of the
balloon changing at the instant the radius is (@) 1 foot ang
(b) 2 feet?

Volume  The radius r of a right circular cone is increasing
at a rate of 2 inches per minute. The height & of the cone i
related to the radius by & = 3r. Fiad the rates of change of
the volume when (2) r = 6 inches and (b) r = 24 inches.

Cost, Revenue, and Profit A company that manufag.

tures sport supplements calculates that its costs and reveng |

can be modeled by the equations

C = 125,000 + 0.75x and R = 250x — %xz_

where x is the number of units of sport supplements.,

produced in 1 week. If production in one particular week is

1000 units and is increasing at a rate of 150 units per week,
find:

(a) the rate at which the cost is changing.
(b) the rate at which the revenue is changing.
(c) the rate at which the profit is changing.

Cost, Revenue, and Profit A company that manufac-

tures pet toys calculates that its costs and revenue can be
modeled by the equations

C=75000 + 1.05x and R = 500x — %

where x is the number of toys produced in 1 week. If
production in one particular week is 5000 toys and i
increasing at a rate of 250 toys per week, find:

(a) the rate at which the cost is changing.

(b) the rate at which the revenue is changing.

(c) the rate at which the profit is changing.

! 1 13,

o @)x =2
17, Speed A 25-foot ladd

r

Expanding Cftbe All
4 rate of 3 centimeters pe
changing when each edg
centimeters?
Expanding Cu.be All
atarate of 3 centimeters |
ared changing when eac
{(b) 10 centimeters?

14

Moving Point A poit

‘= x* such that dx/dt i
dy/dt for each value of x
@x=-3 ((b)x=1
6. Moving Point A pon
y= 1/(1 + x2) such that
Find dy/dt for each valu

(b) x=

I5.

figure). The base of the
house at a rate of 2 feet
the ladder moving down
(b) 15 feet, and (c) 24 fe

rigure for 17

18.-Speed A boat is pulk
winch is 12 feet above tt

winch pulls the rope at
speed of the boat when |
to the speed of the boat
dock?

19. Air Traffic Control
airplanes at the same alt
fly at right angles to ew
from the point and has
other is 200 miles fro
600 miles per hour.

(a) At what rate is t
changing?

(b) How much time do
the airplanes on a d




i

—

B

!

=

sgure for 17

18,

=

=

Expanding Cube  All edges of a cube are expanding at
arate ol 3 centimeters per second. How fast is the volume
changing when each edge is (a) | centimeter and by 10
centintelers?

Expanding Cube All edges of a cube are expanding

atarale of 3 centimeters per second. How fast is the surface
area chunging when each edge is (a) 1 centimeter and
(b) 10 centimeters?

Moving Point A point is moving along the graph of
v = v such that dv/dr is 2 centimeters per minute. Find
}(y/df for each value of x.

by x =90 (dy x=3
Moving Point A point is moving along the graph of
v=1/t1 + x%) such that dx/dr is 2 centimeters per minute.
Find dv/dr for each value of x.

(cy x=0

(@ x =3 () x=1

@ax=-2 (b)x=2 (d)y x=10

. Speed A 25-foot ladder is leaning against a house (see

figure). The base of the ladder is pulled away from the
house ut a rate of 2 feet per second. How fast is the top of
the lackder moving down the wall when the base is (a) 7 feet,
(b) 15 feet, and (c) 24 feet from the house?

Figure for 18

L 4 ft/sec

13 ft

Speed A boat is pulled by a winch on a dock, and the
winch is 12 feet above the deck of the boat (see figure). The
winch pulls the rope at a rate of 4 feet per second. Find the
speed of the boat when 13 feet of rope is out. What happens
to the speed of the boat as it gets closer and closer to the
dock?

- Air Traffic Control An air traffic controller spots two

airplunes at the same altitude converging to a point as they
fly at right angles to each other. One airplane is 150 miles
from the point and has a speed of 450 miles per hour. The
other is 200 miles from the point and has a speed of
600} miles per hour,

(@) At what rate is the distance between the planes
changing?

(b How much time does the controller have to get one of
the airplanes on a different flight path?

20.

Figure for 20
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Speed An airplane flying at an altitude of 6 miles passes
directly over a radar antenna (see figure). When the
airplane is 10 miles away (s = 10), the radar detects that
the distance s is changing at a rate of 240 miles per hour,
What is the speed of the airplane?

Figure for 21

21.

22,

23.

@ 24.

25.

@ 26.

Athletics A (square) baseball diamond has sides that are
90 feet long (see figure). A player 26 feet from third base is
running at a speed of 30 feet per second. At what rate is the
player’s distance from home plate changing?

Advertising Costs A retail sporting goods store
estimates that weekly sales S and weekly advertising costs
Xxare related by the equation S = 2250 + 50x + 0.35x2 The
current weekly advertising costs are $1500, and these costs
are increasing at a rate of $125 per week. Find the current
rate of change of weekly sales.

Environment An accident at an oi] drilling platform is
causing a circular oil slick. The slick is 0.08 foot thick, and
‘when the radius is 750 feet, the radius of the slick is
increasing at the rate of 0.5 foot per minute. At what rate
(in cubic feet per minute) is oil tlowing from the sife of the
accident?

Profit A company is increasing the production of a
product at the rate of 25 units per week. The demand and
cost functions for the product are givenby p = 50 — 0.01x
and C = 4000 + 40x — 0.02x2 Find the rate of change
of the profit with respect to time when the weekly sales are
X = 800 units. Use a graphing utility to graph the profit
function, and use the zoom and frace features of the
graphing utility to verify your result.

Sales The profit for a product is increasing at a rate
of $6384 per week. The demand and cost tunctions for
the product are given by p = 6000 - 0.4x2 and
€ = 2400x + 5200. Find the rate of change of sales with
respect to time when the weekly sales are x = 44 units.

Cost The annual cost (in millions of dollars) for a
government agency to seize p% of an illegal drug is given by
528p

== e <
100 ~ p° 0<p <100

The agency’s goal is to increase P by 5% per year. Find
the rates of change of the cost when (@) p = 30% and
(b) p = 60%. Use a graphing utility to graph C. What
happens to the graph of C as 17 approaches 100?

R s
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o) = ["':"?\ FAP
: d=l Dy + 4]

‘4 .

¢ ) = h?

. s = st P2
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IRV

(3v

4 int = —(T— '
-y Physical Science The temperature T (in degrees
’ F,lh'renhei[) of food placed in a freezer can be modeled by

1300
2+ 25

where 1 is the time (in hours),

und 1=,
sg iby Graph the model on a graphing utility and describe the
rate at which the temperature is changing,
y, Forestry  According to the Doyle Log Rule, the volume
V(in board-feet) of a log of length L (feet) and diameter
D tinches) ut the small end is

(D - 4)\?
V= t\ 4-) L

Find the rates at which the volume js changing with respect
© D for w 12-foot-long log whose smallest diameter is
8 inches. th) 16 inches, (¢) 24 inches. and (d) 36 inches.

ibxercises 81-- 88, find the given derivative,
oGiven [l = 2 + 7o 4+ 1, fing S,

L Given £t = 5% — 632 4 2y find S
. 6 . s
3 Given j"(y) = ~—. find f99(x),
X

MGiven fiv) = /Y. find JENN).
W Given [ iy} = 74V find £7x).
. 3
. Given Jh =Y+ = find fx).
X
VL Given /1y = 6Jx, find Sx).

. 2 . e
8. Given / 1y) = 20x" = =, find f19)(y),
v

Y Athletics person dives from a 30-foot platform with
an jnite velocity of 5 feet per second (upward).

- ') Find the position function of the diver.

) Huw, long will it take for the diver (o hit the water?

) What is the diver's velocity at impact?

() What is the divers acceleration at impact?

1) Find the rates of L‘hange of Twhent = |, ¢ = ‘3, r= 5,
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90. Velocity and Acceleration The position function of 3

particle is given by

|
§ = —
=4 2+ ]

where v is the height (in feet) and ; is the time (in
seconds). Find the velocity and aceeleration functions.

In Exercises 91-94, useimplicit differentiation to find dy/dx.

91.
92.
93.
9.

X 3y + v = 0

x4 Oyy + y2=9

Vo 48—y~ =g
¥4 42— 6y~ 2y — 5=

In Exercises 95-98, yse implicit differentiation to find an equation
of the tangent line at the given point.

9s.
96.
97.
98.
99

100.

Equation Point
Vi=y-—y 2.1
2 +3/5 =10 (8.4)
¥ = 2x =y (1,2)
W= 2%y + 32 = 0, -1)

Water Level A swimming pool is 40 feet long, 20 feet
wide. 4 feet deep at the shallow end, and 9 feet deep at
the deep end (see figure). Water is being pumped into the
pool at the rate of 10 cubic feet per minute. How fast is
the water level rising when there is 4 feet of water in the
deep end?

nt
min

9 t‘tl

0 ft —

Profit  The demand and cost functions for a product can
be modeled by

p =21 = 0.002x
and

C = 30v + 1,500,000 ,
where v is the number of units produced.
(a) Write the profit function for this product.

(b) Find the marginal profit when 80,000 units are
produced.

(¢) Graph the profit function on a graphing utility and use
the graph to determine the price you would charge for
the product. Explain your reasoning.

P —




