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forall y € [c.d| which satisty |y — vy| = 8. Then

[F(yv) = FOw)| < +

B B
F(v) — / flv.vydy / (flxoy) = flv yondy
o [\ . f\

r B
+ !F(_\,‘()) - / Sl v dy
J A

& + & n & —
S3T3T TS
for all y € [c. d] which satisty |y — vy| < 8. |
The proof of Theorem [1.5 can be modified to prove the following result,

*11.9 Theorem. Suppose that a < b are extended real numbers, that ¢ < d
are finite real numbers, that f . (a.b) x [c,d] — R is continuous, and that the
improper integral
b
Fvy= | fx,y)dx

o

exisis forall y € . d). If f.(x, v) exists and is continuous on (a. b) x [¢, d} and it

b ()f
oor= [ Lovy

Jy

converges uniformly on [, d}, then Fis differentiable on [c. d) and F'(y) = ¢(v);
that is,

‘ ol ‘ )] (r)/
— flyovidy = / (v, Wdy
d.\‘ o Ju {),\:

forall v € [c,d].

For a result about interchanging two partial integrals, see Theorem 12.31 and
Exercise 12.3.10.

EXERCISES

11.1.1. Compute all mixed second-order partial derivatives of cach of the
following functions and verify that the mixed partial derivatives
are equal.

Nty
S

a) flx,y) =we' b)) flyoy)=costey) o €) flay) =
Ry

11.1.2. For each of the following functions, compute f, and determine where
it is continuous.




392 Chapter 11 Differentiability on R”

P | *11.1.7. Ev
—_— X, 0,0
a) Fle,y) =1 x2+y° (. #(0.0)
0 (x,¥) =(0,0) a)
T 0.0
—— X,y R
b) fl,y) =1 Jx2+y2 b)
0 (x,y)=1(0,0)
11.1.3. Suppose that r > 0, that a € R", and that f : B,(a) — R™. If all first- *11.1.8. a)
order partial derivatives of f exist on B, (a) and satisfy f, ;(X) = 0 for
allx e By(a)yandallj=1,2,..., n, prove that f has only one value on
B,(a).
11.1.4. Suppose that H = [a, b] x [c,d] is a rectangle, that f : H — R is
continuous, and that g : [a, b] — Ris integrable. Prove that b)
b c)
F(y) = f g(x) f(x,y)dx
a
is uniformly continuous on [c, d]. ‘
11.1.5. Evaluate each of the following expressions. *11.10 Def
1
_ 3,2 The Laplac.
a) }‘I}})/O e dx s € (0,00
d : : X 3 X
b) — sinfe’y —y +m —e')dx aty=1
dy Jo
a [? converges.
c) —f \/x3+y3+z3—2dz at (x,y) = (1, 1) —
ox 1

*11.1.9. Pr
11.1.6. Suppose that f is a continuous real function.

a) If fol f(x) dx =1, find the exact value of aj
2 -
: n X=y4xy
_ll_r}r})/o flx —1De dx. b)
b) If fisC' on Rand [ f'(x)sinxdx = e, find the exact value of
. 3
e+ an/ f(x)cos(y’ + I3 + x) dx.
y=0Jp
d)

c) If fol f(J/x)e¥dx = 6, find the exact value of

d I 2
E/ fFO)ET™ dy  atx =0. e)
0
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*11.1.7. Evaluate cach of the following expressions.

i f I xcosy /
a) m —— ([ X
y—0+ Jo Jm

d (7 e sinx
—_ —dx aty=1

b)

dv J; X
*11.1.8. a) Prove that

f' cos(x? + ¥?)
—_——dx
0

vx
converges uniformly on (—00. 00).
b) Prove that jooo ¢ *Ydx converges uniformly on [1, 00).
¢) Prove that j(;v ve~Vdx exists for each v € [0, o0) and converges
uniformly on any [«, b] C (0, co) but that it does not converge uni-
formly on [0, 1].

*11.10 Definition.

The Laplace transform of a function f : (0, c0) — Ris said to exist at a point
s € (0, c0) if and only if the integral

o0

L{f}s):= / e_'”f(z)dr
0

converges. (Note: This integral is improper at oo and may be improper at 0.)

*11.1.9. Prove that

1
a) L{}s) = -, s>0
s
b) L") (s) = Tn?l_ s >0, neN
ot 1
c) Lie“}(s) = ——, s>da, a€R
s—a
d) Licos(br))(s) = T’“:l—b— s>0,beR
. b
e) Lisin(b)}(s) = s >0, beR

524 b
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*11.1.10.

*11.1.11.

Suppose that f : (0,00) — Ris continuous and bounded and that
L{f} exists at some a € (0, 00). Let

t
o(1) = / e M fu)du, t € (0, o0).
0

a) Prove that

N N
/ e-—stf(t) dt = ¢(N)e'“(s—a)N + (S _ a)f e—(s-—a)t(p(t) dt
0 0

foral N e N.
b) Prove that the integral [ e~“~“’¢(t)dr converges uniformly on
[b, 00) for any b > a and

f e f(dt = (s — “)/ e~ (1) dt, s> a.
0 0

¢) Prove that £{f} exists, is continuous on (a, o), and satisfies
lim L{f}(s) =0.
5§20

d) Let g(t) = tf(t) for t € (0, o0). Prove that £{ f} is differentiable on
(a, o0) and

d
o L{f}(s) = —LIg)(s)
§

forall s € (a, o).
e) If, in addition, f' is continuous and bounded on (0, 00), prove that

L) =sLf)s) — f(0)

forall s € (a, o).

Using Exercises 11.1.9 and 11.1.10, find the Laplace transforms of each
of the functions re’, tsinmt, and t* cos 1.

11.2 THE DEFINITION OF DIFFERENTIABILITY

In this section we define what it means for a vector function to be differentiable
at a point. Whatever our definition, we expect two things: If fis differentiable
at a, then f will be continuous at a, and all first-order partial derivatives of f will
exist at a.

Working by analogy with the one-variable case, we guess that f is differen-
tiable at a if and only if all its first-order partial derivatives exist at a. The fol-
lowing example shows that this guess is wrong even when the range of f is one
dimensional.

11.11 EXA
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Proof. 1f (x,y) # (0,0), then we can use the one-dimensional Product Rule
to verity that both £ and f, exist and are continuous, for example,

—X .
+ 2x sin

I I
COS e,
Val+yr o a2 y? VAt 2

Thus f is differentiable on R? \ {(0, 0)}. Since f,(x, 0) has no limit as x — 0,

the partial derivative f, is not continuous at (0, 0). A similar statement holds

for f,. Thus to check differentiability at (0, 0) we must return to the definition.
First, we compute the partial derivatives at (0, 0). By definition,

Jalx,y) =

. f,0-f0,0 1
= | —_ i
£+(0,0) lim t thrr(x)tsm = 0,

and similarly, f,(0,0) = 0. Thus, both first partials exist at (0, 0) and
Vf(0,0) = (0,0).

To prove that f is differentiable at (0, 0), we must verify (4) for a = (0, 0).
But it is clear that

[0 k) =[O0 =VfO.0 - hK) _ pr—m L

i, k)l Vh?+ k2
as (h, k) — (0,0). Thus f is differentiable at (0, 0). [ ]
EXERCISES
11.2.1. Suppose, for j = 1,2....,n, that f; are real functions continuously

differentiable on the interval (-1, 1). Prove that

g(x) ;= fl(xl)"'fn(xn)

is differentiable on the cube (=1, 1) x (=1, 1) x --- x (=1, D).

11.2.2. Suppose that f, g : R — R™ are differentiable at @ and thereisa s > 0
such that g(x) # 0 forall0 < |x —a| < 8. If f(a) = g(a) = 0 and
Dg(a) # 0, prove that

IfCoHll 1 Dfa)|
im = .
v=a gl | Dgl@)]

11.2.3. Prove that f(x, y) = /[xy[ is not differentiable at (0, 0).
11.2.4. Prove that

x2 4 y?
_— O<|lx.nll<m
fx.y) = 1siny/x2 + y2
0 (x, ) =(0,0

is not differentiable at (0, 0).

~




402 Chapter 11

11.2.5.

11.2.6.

11.2.7.

11.28].

11.2.9.

11.2.10.

Differentiability on R”

Prove that

(2 + yD)

4, 4
fx v)=[ A (x,y) # (0,0)
0 (x,y)=(0,0)

is differentiable on R? for all & < 3/2.

Prove that if o > 1/2, then
Flrny) = lxyl® log(x? + %) (x,y) # (0,0)
’ 0 (x,y)=1(0,0)
is differentiable at (0, 0).
Prove that

x3 — xy?

flx,y)= [ X2+ y? (x, y) # (0,0
0 (x,y)=1(0,0)

is continuous on R? and has first-order partial derivatives everywhere
on R?, but f is not differentiable at (0, 0).

This exercise is used several times in this chapter and the next. Sup-
pose that T € L(R"; R™). Prove that T is differentiable everywhere on
R"” with

DT(@) =T for aecR"

Letr >0, f: B,(0) —> R, and suppose that there exists an o > | such
that | f(x)| < ||x||* for all x € B,(0). Prove that f is differentiable at 0.
What happens to this result when o = 1?

LetVbeopeninR", ae V,andf:V — R”.

*11.19 Definition.

Ifuisa

in the direction u is defined by

when this limit exists.

unit vector in R” (i.e., |lu}| = 1), then the directional derivative of f at a

f’(a -+ ru) — f(a)

Dyf(a) := rh—?(l) "

a) Prove that Dyf(a) exists for u = e if and only if fy, (a) exists, in which case

af
De,f(a) = 5—;;(3).

b) Show that if f has directional derivatives at a in all directions u, then the first-
order partial derivatives of f exist at a. Use Example 11.11 to show that the
converse of this statement is false.

¢) Prove tha

existat (0

at (0, 0).
11.2.11. Let
ord
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¢) Prove that the directional derivatives of

x2y

o E— , 0,0
foey =177, (x,y) #(0,0)
0 (x, y) = (0,0)
exist at (0, 0) in all directions u, but f is neither continuous nor differentiable
at (0, 0).

11211, Letr > 0, (a,b) € R?, f : B,(a,b) — R, and suppose that the first-

order partial derivatives f, and f, exist in B,(a, b) and are differen-
tiable at (a, b).

a) Set A(h) = f(a+h,b+h)-- fla+h,b)— f(a,b+h)+ f(a,b)and
prove for h sufficiently small that

Al fy@@+h,b+th)— fyla,b)—Vfya,b)-(h, th)

h
— (fy(a,b+th) — fy(a,b) =V fy(a, b) - (0,th))+ hfyc(a, b)

for some ¢t € (0, 1).
b) Prove that

. Ah)
}}1_% el fyx(a, b).
c¢) Prove that
32 f 32 f
b)) = . b).
ax By(a ) ayax(a )

DERIVATIVES, DIFFERENTIALS, AND TANGENT PLANES

In this section we begin to explore the analogy between Df and f’. First we
examine how the total derivative interacts with the algebra of functions.

11.20 Theorem. Leta € R, a € R”, and suppose that f and g are vector func-
tions. If £ and g are differentiable at a, then £+ g, of, and f- g are all differentiable

at a. In fact,
D(f + g)(a) = Df(a) + Dg(a), (7
D(af)(a) = a Df(a), (8)
and
D(f - g)(a) = g(a) Df(a) + f(a) Dg(a). )]

[The sums which appear on the right side of (7) and (9) represent matrix

addition, and the products which appear on the right side of (9) represent matrix
multiplication. ]




Ids,

nf

ine

16)
1as
for
ird

of
1at

of
is

nd

7)

he

8)

JEA

Section 11.3 Derivatives, Differentials, and Tangent Planes 411

Since @ — 0 as h — 0, we conclude by the Squeeze Theorem that
e(m)/Ih] - 0 as h — 0. In particular, f is differentiable at (a, b) and

(fx(a. D). fy(a, b), —1) is normal to its tangent plane there. |
EXERCISES
11.3.1. For each of the following, prove that f and g are differentiable on their
domains, and find formulas for D(f + g)(x) and D(f - g)(x).
a) fe,y) =x~y, gy =x>+y’
b) f(x,v) =xy. g(x.y)=xsinx —cosy
c) f(x, y) = (cos(xy), xlogy), glx,y) = (v,x)
d) f,y,2) = (r,x =2, gl v, 2 = (xyz, y?)
11.3.2. For each of the following functions, find an equation of the tangent

11.3.3.

11.3.4.

11.3.5.
11.3.6.

plane toz = f(x, v)ate.

a) fl, ) =x>+y2 e=(1,-1,2)
b) fix, ) =x3y—xy3 e=(1,1,0)
¢) flx,y,2) =xy+sinz, e=(1,0.7/2, 1)

Find all points on the paraboloid z = x2 + y2 (see Appendix D) where
the tangent plane is parallel to the plane x + v + z = 1. Find equa-
tions of the corresponding tangent planes. Sketch the graphs of these
functions to see that your answer agrees with your intuition.

Let K be the cone, given by 7 = /x2 + y2.

a) Find an equation of each plane tangent to K which is perpendicular
to the plane x + z = 5.

b) Find an equation of each plane tangent to K which is parallel to the
plane x —y +z = 1.

Prove (7) and (8) in Theorem 11.20.

[QuoTieNT RULE]. Suppose that £ : R” — R is differentiable at a and
that f(a) #0.

a) Show that for ||h| sufficiently small, f(a + h) # 0.
b) Prove that Df(a)(h)/|/h| is bounded for all h € R™\{0}.
¢) If T := —Df(a)/f*(a), show that

1 o T(h) = f@) — f(a+h)+ Df(a)(h)
fa+h) f(a) f@f@a+h
(f(a+h)~ f(a))Df(a)(h)
f(@)f(a+h)

for ||h| sufficiently small.

S . AN 5 i
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d) Prove that 1/f(x) is differentiable at x = a and 11.28 Th
Suppose
1 D ] [
D (__) @) = - jz” @ differenti
f @)
e) Prove that if f and g are real-valued vector functions which are
differentiable at some a, and if g(a) # 0, then [The pro
o(L) @ = g(a)Df(a) - f(a)Dg(a) Proof. T
g - g2(a) ' and f(b)
1 pXmm
11.3.7. [Cross-Probuct RULE]. Suppose that V is open in R”, that f, g: V — g total der:
R3, and that a € V. If f and g are differentiable at a, prove that f x gis '} show tha
differentiable at a and
D(f x g)(a)(y) = f(a) x (Dg(a)(y)) — g(@) x (Df(a)(y)) ‘ Set
forally € R".
*11.3.8. Compute the differential of each of the following functions. « ; q
1 an
a)z = x*+y? b) z =sin(xy) ¢)z= ﬁ_—%y—ﬁ'j
. for J|h| ¢
*11.3.9. Let w = x2y + z. Use differentials to approximate Aw as (x,y,z) = § h— 0ir
moves from (1,2,1) to (1.01, 1.98, 1.03). Compare your approximation } k=g(a-
with the actual value of Aw.
*11.3.10. The time T it takes for a pendulum to complete one full swing is |
given by ‘ F
L ]
T =27 \/i , !

8 g we have
where g is the acceleration due to gravity and L is the length of the § It remai
pendulum. If g can be measured with a maximum error of 1%, how  ° Since
accurately must L be measured (in terms of percentage error) so that clear ths
the calculated value of 7 has a maximum error of 2%? : the trian

*11.3.11. Suppose that ‘ K|
11,1 1 . Il =
w x y z : Thus [k
where each variable x, y, z can be measured with a maximum error of - IT2 ()]
p%. Prove that the calculated value of w also has a maximum error '~ follows |

of p%.
11.4 THE CHAIN RULE

ash —»
Here is the Chain Rule for vector functions. ; Df(g(a)
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The Chain Rule can be used to compute individual partial derivatives with- 11.4.3. S
out writing out the entire matrices Df and Dg. For example, suppose that k
f(uy,...,un) is differentiable from R™ to R, that g(xi, ..., x») is differentiable d
from R” to R™, and that z = f(g(x1,...,x,)). Since Df = Vf and the jth
column of Dg consists of first partial derivatives, with respect to x;, of the com-
ponents uy := gr(x1, ..., Xx), it follows from the Chain Rule and the definition
of matrix multiplication that

0z of duy  Bf dum 1144. 1

0x; T duy 0x; ‘ Oty 0X; S

for j = 1,2,...,n. Here are two concrete examples which illustrate this
principle.

11.29 EXAMPLES.

i) f F,G,H: R? — R are differentiable and z = F(x, y), where x = G(r, 6),
and y = H(r, 6), then

11.4.5. 1

¢

9z dzodx 0z dy d 9z dzdx 9z dy

= = — an —_— — .
or  0x dr + ay ar 99 0x 096 0dyadd

ii) If f : R® > Rand ¢, ¥,0 : R — Rare differentiable and w = f(x, y, 2),
where x = ¢(¢), y = ¥ (1), and z = o (¢), then

dw Odwdx odwdy owdz

dt  dx dt +?5y_dz dz dt’

EXERCISES 11.4.6.

11.4.1. Let F: R> > Rand f, g, h : R — Rbe C? functions. [f w = F(x, y, 2),
where x = f(p,q)., y = g(p,q), and z = h(p, q), find formulas for
Wy, Wq, and wpp.

11.4.2. Letr > 0, leta € R, and suppose that g : B.(a) — R™ is differentiable
at a,

a) If f : B.(g(a)) — R is differentiable at g(a), prove that the partial
derivatives of h = f o g are given by

P () =V f(g@) L@
ox, T VB 1147,

forj=1,2,....n
b) If n = m and f: B,(g(a)) — R" is differentiable at g(a), prove that

det(D(f o g)(a)) = det(Df(g(a))) det(Dg(a)).




B A THIT attl U 41D B . i
. : "w(

i
vith. % 11.4.3. Suppose that k € N and that fiR" > Ris homogeneous of order =
that k; that is, that f(px) = p*f(x) for all x € R” and all p € R. If £ is
able differentiable on R”, prove that o
jth of of
om- : :
. — - —((xX)=k
tion o (X) + -+ xy ox. (x) = kf (x) 4
forall X = (xy, ..., x,) € R".

11.44. Let f, ¢ : R > R be twice differentiable. Prove that u(x, y) := f(xy) ;

satisfies i

~ ou du 0 , ’%

: X— —y— = s -

this 9x yay é

and v(x, y) := f(x —y) + g(x + y) satisfies the wave equation; that is,

¥

v 9%y _0 i

6), dx2 gy

11.4.5. Let f, g : R? — R be differentiable and satisfy the Cauchy-Riemann . ?
equations, that is, that i
i
a ag ) 0 ‘ i
—i = __&_ and .i = ___g g
2), dx  dy dy ax o
hold on R?. If u(r, 6) = f(rcos@, rsind) and v(r, ) = g(rcosé, rsinb),
prove that :‘
du 19v ov 1du i
—=—-—, — = - 0. : 2
ar  r 96 or r a6 r# ‘ i
11.4.6. Let f : R > Rbe C? on R? and set u(r, 6) = frcos®,rsing). If f i A
) satisfies the Laplace equation; that is, if : i
or 2 2 £
a E} >
_"'J; + “4 =0,

le dx= By i

prove for each r # 0 that ?‘

1l .
]32u+_18u+82u-0
r28602  ror ' o9r2 - ;

1147, Let o
e—.x:2/4t ;
ux,t) = ———w7, t >0, x eR.
) Vant
a) Prove that u satisfies the heat equation (i.e.,uy, —u; = Oforallt > 0
and x € R). : ’
",4
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11.4.8.

11.4.9.

11.4.10.

11.4.11.

Differentiability on R”

b) If @ > 0, prove that u(x,7) — 0, as t — 0+, uniformly for e i

la, 00).

Let u : R — [0, 00) be differentiable. Prove that for each (x,y,7) x :

0,0,0),

F(x,y,2):=u (\/m)

satisfies

(GGG =k (=)

Suppose that z = F(x, y) is differentiable at (a, b), that Fy(a, b) # 0,
and that / is an open interval containing a. Prove that if f I - Ris
differentiable at a, f(a) = b, and F(x, f(x)) =0forall x € I, then

oF

df "o P

W=
——(a, b)
dy

Suppose that I is a nonempty, open interval and that f : I — R7 jg
differentiable on /. If f(1) € 3B, (0) for some fixed r > 0, prove that
f(z) is orthogonal to f'(¢) for all ¢ € 1.

Let V be openinR”, a € V, f : V — R, and suppose that f is

differentiable at a.

a) Prove that the directional derivative D, f(a) exists (see Exer-

cise 11.2.10) for each u € R” such that |ul| = 1 and Dy f(a) =
Vi) - u

b) If V f(a) # 0and 6 represents the angle between uand V f (a), prove
that Dy f(a) = ||V f(a)]| cos 6.

¢) Show that as u ranges over all unit vectors in R”, the maximum of

Dyf(a)is ||V f(a)]l, and it occurs when u is parallel to V f(a).

11.5 THE MEAN VALUE THEOREM AND TAYLOR'S FORMULA

Using Df as a replacement for f’, we guess that the multidimensional analogue

of the Mean Value Theorem is f(x) — f(a) = Df(¢)(x — a) for some ¢ “between” x A :

and a; that is, some ¢ € L(x; a), the line segment from a to x. The following result

shows that this guess is correct when f is real valued (see also Exercises 11.5.6 .- q

and 11.5.9).

11.30 Theorem. [MEAN VALUE THEOREM FOR REAL VALUED
FUNCTIONS].

Let V be open in R" and suppose that f : V — R is differentiable on V. If
x,a € Vand L(x;a) C V, then there is a ¢ € L(x; a) such that

fx) — f(a)=Vf(c) - (x—a). (24)

Proof. L.

and notic
x — a for
gHyeV

But fog
and Df
(25), ther

fx)-
forc=g

The follc
functions, e

11.31 Rem
fies fQ2m) =

Proof. L
(—sint, ¢

But any -
by taking t!
with Theor:
Value Theo

1132 Th
FUNCTIC
Let V be
x,aeV
that

Proof. L
[see (9) a

for all x
there is a

u-(f
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Solution. Itis easy to verify that f, fy, fur, fxy» and f,, are all zero at (0, 0)

so DU £((0, 0): (+, 7)) = 0 and DP £((0,0); (x,) = 0. Since frge(x,y) o re
y?sin(xy), frry = —2ycos(xy) + xy? sin(xy), fryy = —2x cos(xy) + x2y sin(xy),
and fy,, = x’cos(xy), Theorem 11.2 implies DD f((c,d); (x,y)) = (x3 4 115.6. Lef
y*)sin(cd) + 3(x2y + xy?) sin(ed) — 6(x + y) cos(cd). Thus by Taylor’s Formula, B(
for all (x, y) € R? there is a point (c, d) on the line segment between (0,0) ang
(x, y) such that a)
b)
3,3 2 2
cos(xy) =1+ <x Zy ) sin(cd) + (ic__y_;—_xy_) sin(cd) — (x + y) cos(cd),
EXERCISES
11.5.1. a) Write out an expression in powers of (x+1) and (y— 1) for f(x, y) =
2+ xy+ i 11.5.7. Sug
b) Write Taylor’s Formula for f(x,y) = /x + VY, a = (1,4), and . ent
p=3 pro
c¢) Write Taylor’s Formula for f(x, y) = ¢*, a = (0, 0), and p =4 11.5.8. Sup
11.5.2. Suppose that f : R> — R is C? on B, (xo, yo) for some r > 0. Prove g(’;/n
that, given (x, y) € B,(x, yo), there is a point (c, d) on the line segment
between (xg, yo) and (x, y) such that
p=l [ & ‘ . . Okf ‘ for
f = fo )+ il Z(}.)(x —x0)’ (y—y0) ’W(Xo,yo) ‘ 11.5.9. Let
k=1 j=0 tior
L& (p i poj  OPf Prc
+ Ejz() (j)(x —Xx0)’ Ly = Yo) W(C,d)-
for
11.5.3. Suppose that f : R* — Rand g : R" — R” are differentiable on R” and - 11.5.10. gﬁi
that there exist r > 0 and a € R" such that Dg(x) is the identity matrix,
1, for all x € B,(a). Prove that there is a function h : B,(a) \ {a} » )
B, (x) such that . 'lgnc
(8(%) — f(g(@) 115.11. Sup
|7 (@) = J®@N _ 130wy 1 .
Ix — a
a) .

forallx € B,(a) \ {a). , ¥ ‘
11.5.4. Suppose that V is convex and open in R” and that f : V — R” is dif- A b) .
ferentiable on V. If there exists an a € V such that Df(x) = Df(a) for 4 i
all x € V, prove that there exist a linear function § € L(R"; R") anda  } |
vector ¢ € R” such that f(x) = S(x) + cforallx e V. ¥
11.5.5. [INTEGRAL ForM OF TAYLOR’S ForMULA]. Let p € N, V be an open set in
R*, x,aeV,and f:V > RbeCP?onV.IfL(x;a) c Vandh=x-3, §
prove that 1 '




11.5.6.

11.5.7.

11.5.8.

11.5.9.

11.5.10.

11.5.11.
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p—1 1
| : ]
fX=f@= E FDU\)f(a; h)+zm‘/(; (1~—t)/’_‘D”’)f(a+rh: h)dr.
k=1" )

Letr >0, a,b € R, f : B.(a,b) — R be differentiable, and (x, y) €
B,(a, b).

a) Letg(t) = f(tx + (1 —t)a, y)+ f(a,ty + (1 —1)b) and compute the
derivative of g.

b) Prove that there are numbers ¢ between a and x, and d between b
and y such that

flx,y) = fla,b) = (x —a) fx(c, y) + (y — b) fy(a, d).

(This is Exercise 12.20 in Apostol [1].)

Suppose that 0 < r < | and that f : B;(0) — R is continuously differ-
entiable. If there is an o > O such that | f(x)| < {|x||* for all x € B,(0),
prove that there is an M > 0 such that | f(x)| < M|x|| for x € B,(0).
Suppose that V is open in R?, that f : V — Ris C?> on V, and that
fy;(@ = Oforsomea € Handallj =1,...,n Prove thatif Hisa
compact convex subset of V, then there is a constant M such that

If(x) — f@)| < M|x — a|}?

forallx e H.

Let f : R® — R. Suppose that for each unit vector u € R", the direc-
tional derivative Dy f(a + ru) exists for ¢ € [0, 1] (see Definition 11.19).
Prove that

f@a+u) - f{a) = Dy f(a+ tu)
for somer € (0, 1).

Suppose that V is open in R?, that (a, ) € V, and that f : V — Ris C?
on V. Prove that

2

4
lim0 = fla+rcost.b+rsind)cos(20)db = fii(a,b)— fi.(a.b).
r—=>071r< Jo o

Supgaose that V is open in R, that H=[a. b} x[0,¢] C V,thatu: V —>R
is C= on V, and that u(xq, t9) = 0 for all (xy, 1) € 0H.

a) Show that, given ¢ > 0, there is a compact set K C H? such that
u(x,t) > —gforall (x,t) e H\ K.

b) Suppose that u(xy, t;) = —£ < 0 for some (x;, t;) € H?, and choose
r > 0 so small that 2rry < ¢. Apply part a) to ¢ := £/2 — rt; to
choose the compact set K, and prove that the minimum of

wx, t) i=ulx,t)+r{t — 1)

on H occurs at some (x2, ) € K.
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¢) Prove that if u satisfies the heat equation (i.e., uy, — u; = 0 on V), and then tr
and if u(xg, to) > O for all (xg, %) € 0H, then u(x, 1) > 0 for g easy to pro
(x,t) e H. Moreover,:
11L.5.12. a) Prove that every convex set in R" is connected. valufz must
b) Show that the converse of part a) is false. ?Ot its 1nte‘
*c) Suppose that f : R — R. Prove that f is convex (as a functlon) if rom oceur
and only if E := {(x, y) : y > f(x)}is convex (as a set in R?), Proof. S
such that
11.6 THE INVERSE FUNCTION THEOREM observe
By the one-dimensional Inverse Function Theorem (Theorem 4.33),if g:R—R - §. Since {
is 1-1 and differentiabie with g’(xg) # 0, then g¢~! is differentiable at yy = =
g(xo) and
~ly _ 1 is positiv
(&) o) = g (x0) from the
In this section we obtain a multivariable analogue of this result (i.e., an Inverse . 3 0B (a); U
Function Theorem for vector functions f from n variables to n variables). What  }
shall we use for hypotheses? We needed g to be 1-1 so that the inverse function .
g"1 existed. For the same reason, we shall assume that fis 1-1. We needed Set p
g’ (x0) to be nonzero so that we could divide by it. In the multidimensional case, . § since the
Df(a) is a matrix; hence “divisibility” corresponds to invertibility. Since annxn  §- also attai
matrix is invertible if and only if it has a nonzero determinant (see Appendix C), = } for all x «
we shall assume that the Jacobian of f 1 To sho
c e B¢
Ag¢(a) := det(Df(a)) # 0. ‘ h(a) = ||
The word Jacobian is used because it was Jacobi who first recognized the impor- P> b
tance of Ag and its connection with volume (see Exercise 12.4.6). o>
The proof of the Inverse Function Theorem on R” is not simple and lies some- ,
what deeper than the preceding results of this chapter. Before presenting it, - § a contrac
we first prove two preliminary results which explore the consequences of the  § It rem
hypothesis Ag # 0. ' minimun
11.39 Lemma.
Let V be open and nonempty in R" and let £ : V — R" be continuous. Iffis
1-1 and has first-order partial derivatives on V, and if A # 0on V, then t=lis ,;!‘
continuous on f(V). % 1 fork = 1
STrRATEGY: To prove that f~! is continuous on V, it suffices to prove (apply
Exercise 9.4.3 or Theorem 10.58 to £~!) that f(W) = (£~!)~!(W) is open for all
open W C V. Thus, given b € f(W), say b = f(a) for some a € W, we must find a
p > Osuch that B,(b) C f(W). We will actually show more: that if B,(a) C W for
some r > 0, then there is a p > 0 such that B,(b) C f(B,(a)); thatis,y € B,(f(a)) : This is a
implies that y = f(c) for some ¢ € B,(a). matrix o
Where should we look to find such a ¢? To show that f(¢) —y = 0, we nig_h_f # from Cr
first try finding a point ¢ € B, (a) that minimizes ||f(x) —y|| as x ranges over B,(a) : solution:
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- Then F(4,3,2, 1, -1, =2) = (0, 0), and
= a(Fy, F2) 2u 2v 1 1 .
) = oL ) R - - 3
v ) det [211/_# 2U/y2:| duv (y2 x2> . §
- i
This determinant is nonzero whenu = 4, v = 3, x = 2,and y = 1. Therefore, .
th- such functions u, v exist by the Implicit Function Theorem. a :
10t
te EXERCISES
11.6.1. For each of the following functions, prove that £~ exists and is differ- .
entiable in some nonempty, open set containing (a, b), and compute ' '
D(f")(a, b)
ne a) f(u, v) = Gu — v, 2u + 5v) at any (a, b) € R .
b) f(u, v) = (u + v, sinu + cosv) at (a, b) = (0, ) '
¢) f(u, v) = (uv, u® +v?) at (a,b) = (2,5)
d) f(u, v) = (u? — v?, sinu — logv) at (a, b) = (—1,0)
11.6.2. For each of the following functions, find out whether the given expres- ¥
sion can be solved for z in a nonempty, open set V containing (0, 0, 0). ; f
en Is the solution differentiable near (0, 0)? ot
?t a) xyz+sin{x+y+2) =0
n b) x2+ 2+ 22+ fsin(x2+yH +3z2+4) =2
c) xyz(2cosy —cosz) + (zcosx —xcosy) =0 .
sly d) x+y+z+g(x,y, z) =0, where g is any continuously differentiable ; B -
or function which satisfies g(0,0,0) = 0 and g;(0,0,0) > 0 . g
L~ 11.6.3. Prove that there exist functions u(x, y), v(x,y), and w(x, y), and an
m, r > 0 such that u,v,w are continuously differentiable and satisfy the S
equations 4
be .
ist i
Wt —-y+w=0 : . !
Vryt —x+w=0 ‘
. |
w4—|~y5——x4=1 ‘ !
Hle
at on B,(1, 1),and u(l, ) = L, v(1, ) = 1, w(l. 1) = — 1. |
11.6.4. Find conditions on a point (xg, yo, 4o, vg) such that there exist real- i
valued functions u(x, y) and v(x, y) which are continuously differen-
tiable near (xo, yo) and satisfy the simultaneous equations
xut+ yv2+xy=9
xv? + yu2 —xy="T7.
*
Prove that the solutions satisfy u? + v = 16/(x + ).
A
/
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11.6.5.

11.6.6.

11.6.7.

11.6.8.

[1.69].

Differentiability on R”

Given nonzero numbers xg, yo, uo, vo, 5o, fo Which satisfy the simultg.
neous equations :

™ u+sx+ty =0
v ttx4sy =0

25%x + 22y~ 1=0

§2x — t2y =0,

prove that there exist functions u(x, y), v(x, y), s(x, y), t(x, y), and an.

open ball B containing (xg, yo). such that u,v,s,t are continuously differ.

entiable and satisfy (*) on B, and such that u(xq, yo) = ug, v(xp, Yo)= .k

vo, s(xo, yo) = o, and t(xg, yo) = fo.
Let E ={(x,y):0 <y <x}andsetf(x, y) = (x+y, xy) for (x, y) € E.

a) Prove that fis 1-1 from E onto {(s,7) : s > 24/7,¢ > 0} and find 3 4

formula for f~!(s, 1).

b) Use the Inverse Function Theorem to compute D(f~!)(f(x, y)) for
(x,y) € E.

¢) Use the formula you obtained in part a) to compute D(f~1)(s, 1) di-

rectly. Check to see that this answer agrees with the one you found

in part b).
Suppose that V is open in R”, thata € V,and that F : V — Ris(C! " 5
on V. If Fa) = 0 # Fy;(a) and u := (x,..., %1, Xj51, ..., )
for j = 1,2,....n, prove that there exist open sets W; containing
(@i, ...,aj-1,aj+1,...,a,), an r > 0, and functions g;(u), C! on
Wj, such that F(xi, ..., x;-1, g;(u"), x;11,...,x,) = 0on W, and
Q.g_'_@a_gi . . ﬂ_ = (~1)"
dxp 0x] 0x7 dXn-1
on B,(a).
Suppose that £ : R?> — R? has continuous first-order partial derivatives

in some ball B, (xq, yo), r > 0. Prove that if Ag(x¢. yo) # 0, then

-1

: 0fa/dvo ) AT —afi /oy,

Ag(xo, yo) =~ dy Ag(xo, yo)

and

i 8f1/9 ,
ﬁ(f(xo, ¥0)) = (f (xo, y0)) = f1/9x (x0, yo)

dy Ag(xo, o)

—3f2/8x(x0, y0)  f; "
Ag(xo, yo)

This exercise is used in Section *11.7. Let F : R — R be continuously
differentiable in some open set containing (a, b, ¢) with F(a, b, ¢) =0
and VF(a, b, c) # 0.

a)
b)

11.6.10. Su

a)
b)

116.11. Le
2)
b)

c)

-~ *11.7 OPTIMIZATIOM

This sectior.
In this se
tions of sev

11.50 Defi
Let V bec

i) f(a) i
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ii) f(a)is
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iii) f(a)is

oralo

The follc
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is zero.

11.51 Rem
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a) Prove that the graph of the relation F(x, y, z) = 0; that is, that the
set G := {(x, y,2) : F(x, y.z) = 0} has a tangent plane at (a, b, ¢).

b) Prove that a normal of the tangent plane to G at (a, b, ¢) is given by
VF(a,b,c).

11.6.10. Suppose that f:= («, v) : R — R?is C? and that (xo, yo) = f(tg).

a) Prove that if f'(¢g) # 0, then «’(¢9) and v/(#p) cannot both be zero.

b) If f'(zy)- # 0, show that either there is a C!' function g such that
g(x0) = o and u(g(x)) = x for x near xg, or there is a C' function 4
such that h(yo) = tp and v(h(y)) = y for y near y.

11.6.11. Let H be the hyperboloid of one sheet, given by x? + y — 72 = 1.

a) Use Exercise 11.6.9 to prove that at every point (a, b, ¢) € H, H has
a tangent plane whose normal is given by (—a, —b, ¢).

b) Find an equation of each plane tangent to H which is perpendicular
to the xy-plane.

c¢) Find an equation of each plane tangent to H which is parallel to the
planex +y—z= 1.

*11.7 OPTIMIZATION

This section uses no material from any other enrichment section.
In this section we discuss how to find extreme values of differentiable func-
tions of several variables.

11.50 Definition.

+Let V be openin R", leta € V, and suppose that f : V — R.

i) f(a) is called a local minimum of f if and only if there is an r > 0 such
that f(a) < f(x) for all x € B,(a).
ii) f(a) is called a local maximum of f if and only 1f there is an r > 0 such
that f(a) > f(x) for all x € B,(a).
iii) f(a) is called a local extremum of f if and only if f(a) is a local maximum
or a local minimum of f.

The following result shows that, as in the one-dimensional case, extrema of
real-valued differentiable functions occur among points where the “derivative”
is zero.

11.51 Remark. If the first-order partial derivatives of f exist at a, and f(a) is a
local extremum of f, then V f(a) = 0.

Proof. The one-dimensional function g(t) = f(ai,....aj-1,t.ajti,...,a)
has a local extremum at ¢+ = a; for each j = 1,...,n. Hence, by the one-
dimensional theory,
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