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EXERCISES
12.1.1. a) Form =1,23, let G,y be the grid on {0, 1] x [0. 1] generated by

P/ (gul) = {k/2’” h=0.1...., 2/;:}‘

where j = 1, 2. For each of the following sets, compute V(E.Gy).
o) E={(c.y)el0. 1] x[0,1]:x=0o0ry= 0}.
B) E={(x. ) el0, 1] x [0, 1]:y<x}
V) E = (e, v) €10, 1] x [0, 1]: 2x = 1)> + 2y = n? <1}
b) For each E in part a), compute v(E: Gpn).
12.1.2. a) Prove that every finite subset of R” is a Jordan region of vol-
ume Zero.
b) Show that, even in R?, part a) is not true if finite is replaced by
countable.
¢) Byaninterval in R? we mean a set of the form

{(x.c):a<x<b} or {(c,y):a<y=Db)

for some a, b, c € R. Prove that every interval in R? is a Jordan
region.

12.1.3. Prove that every grid is a nonoverlapping collection of Jordan regions.

12.1.4. a) Prove that the boundary of an open ball B, (a) is given by
3B, (a) ={x:lx—al| =r}.

b) Prove that B,(a) is a Jordan region forallae R"andall r > 0.
12.1.5. Let E be a Jordan region in R".

a) Prove that EY and E are Jordan regions.
This exercise is used in Section 12.2. Prove that Vol(E®) = Vol(E) =

Vol(E).

¢) Prove that Vol(E) > 0 if and only if £ # #.

d) Let f : [a, b] = R be continuous on [a, b]. Prove that the graph of
y = f(x). x € [a, b, is a Jordan region in R%.

e) Does part d) hold if continuous is replaced by integrable? How
about bounded?

12.1.6 . This exercise is used in Section *12.5. Suppose that £(, E; are Jordan
regions in R".

a) Prove thatif Ey C E,, then
Vol(E|) < Vol(Ej).

b) Prove that E; N Ex and E \ E; are Jordan regions.
¢) Prove that if E, E; are nonoverlapping, then

Vol(E| U E2) = Vol(E}) + Vol(E?).
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d) If E; € Ey, prove that  * i) The i

Vol(E| \ E2) = Vol(E) — Vol(E3).

i ii‘;,

e) Prove that

Vol(E} U Ey) = Vol(E1) + Vol(Ez) — VOl(E1 N Ey). whert
iii) The u
. This exercise is used in Section *12.6. Let E C R". The translation of
Ebyanx € R'isthesetx+ E ={y e R" : y = x + z for some z € E},
and the dilation of E by ascalar o« > OisthesetaE = {y e R" 1y =

oz for some z € E}.

and
a) Prove that E is a Jordan regicn if and only if x+ E is a Jordan region,

in which case Vol(x + E) = Vol(E).
b) Prove that E is a Jordan region if and only if « E is a Jordan region,
in which case Vol(¢E) = a" VoI(E). , whert
12.1.8. A set E C R” is said to be of measure zero if and only if given ¢ > 0 B
there is a sequence of rectangles Rj, R;, ... which covers E such that
Y2 R <.

a) Prove thatif E C R" is of volume zero, then E is of measure zero.
b) Prove thatif E C R"is at most countable, then E 1s of measure zero.
¢) Prove that there is a set E C R? of measure zero which does not
have zero area and, in fact, is not even a Jordan region.
*12.19. Show that if E C R" is bounded and has only finitely many cluster
points, then E is a Jordan region.

12.2 RIEMANN INTEGRATION ON JORDAN REGIONS

By analogy with the one-variable case, the integral of a nonnegative function
f over a Jordan region E should be the volume of the set {(x,t) : x € E,0 <
t < f(x)}. We should be able to approximate this volume by using (n + 1)-
dimensional rectangles whose heights approximate r+ = f(x) and whose bases
belong to some grid on E (see Figure 12.5). This leads us to the following defi-
nition (compare with Definition 5.13).

12.15 Definition.,

Let E be a Jordan region in R”, let f : E — R be a bounded function, let R

Using tl
be an n-dimensional rectangle such that £ C R,andlet G = (Ry,..., Ry} bea Remarl%sf
grid on R. Extend f to R" by setting f(x) =0 forx e R"\ E.

i) The upper sum of f on E with respect to G is 12.16 Rer
bounded, .

U9 = Y. MiRj, ,
Ry E 4 i) IfGan

where M = supycp, f(X).
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ii) Suppose that V is an open set in R" such that EcCV, andthat¢ : V — R
is I-1 and ¢~ is C' on ¢(V) with Ayt # 0. If f is integrable on ¢(E), then

f o ¢ is integrable on E. 12.2.4.

Proof. i) This part can be verified by modifying the proof of Theorem 9.49
(see Spivak [12], p. 53).

ii) By part i) and Theorem 12.10, it suffices to show that the set of points
of discontinuity of f o ¢ on E is a set of measure zero. Let ¢.> 0. Since f
is integrable on @(E), its set of points of dlSCOIltlIllllty, D, can be covered by

cubes Qi suchthat Y oo | [Qk] < 6. Sety = ¢~ !and apply (2), with ¢ in place
of ¢, to choose an absolute constant C and cubes Qk'/’ such that ¢ (Qy) € Q}f |

and |QY| < C| Q|- Then {Q}'} covers y(D) = ¢~ (D) and

Yol =cd 10 < Ce.
k=1 k=1

12.2.5. .
] ]
Hence, ¢ 1(D) := /(D) is a set of measure zero. But since D is the set of § 12.2.6.
points of discontinuity of f on ¢(E), ¢~ (D) is the set of points of disconti-
nuity of f o ¢ on E. Hence f o ¢ is Riemann integrable by part i). |
EXERCISES

12.2.1, Using Exercise 1.4.4a, compute the upper and lower sums
U(f,Gm), L(f, Gm) for m € N, where f(x,y) = xy and G, is deter- :
mined by . 12.2.7.

Pi(Gm) =1{k/2" 1 k=0,1,...,2"}
for j = 1, 2. Prove that

Jim U(f,Gm) = L(f, Gm) = 0.

12.2.2. Let E be a Jordan region in R” with E C [0, 1} x --- x [0, 1]. If f, g are
integrable on E with

12.2.8.
/de:l and /ng:—l,
E E 1

and if g(x) < f(x) for all x € E, prove that for each j € {1,2,...,n}
thereisa 0 < t; < 2 such that

12.2.9.
[ 8w - o ax=1,
E

12.2.3|. This exercise is used in Sectiens 12.4, 13.5, and 13.6. Let E be an open
Jordan regionin R” and xgp € E. If f : E — R is integrable on E and
continuous at xp, prove that 12.2.10.
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1
lim =
r->0+ Vol( B (X)) .

/ fdV = fixp).
B (xq)

12.2.4. a) Suppose that E is a Jordan region in R" and that f; © £ — Ruare
integrable on E for k € N. Il fi — f uniformly on £ as k — o,
prove that f is integrable on £ and

lim / S (%) dx:/ f(x) dx.
k—oC J E

b) Prove that

hn1‘/] cos(x/kye*’k dA
k—oo J JE

exists, and find its value for any Jordan region E in R
12.2.5. If £y C E are Jordan regions in R” and f : £ — Riis integrable on E,
prove that f is integrable on Ej.
12.2.6. Let H be a closed, connected, nonempty Jordan region and suppose
that f : H — Ris continuous. If g : H — R is integrable and nonneg-
ative on H, prove that there is an xy € H such that

Fx0) / ¢ (x) dx = / F0g0) dx.
H H

12.2.7. Suppose that Q := {(x,y) € R: x > Oand y > 0} and that f is a ’
continuous function on R? whose first-order partial derivative satisfies '
Al < LI |

|
F(x,y):= ;—5// (flu,y)— fv,y))d(u, v)
B, (0,9)

for (x, y) € @, prove that F is bounded on Q.
[Hint: You may use polar coordinates to change variables in F] ]
12.2.8. Suppose that E is a Jordan region in R" and that f,g : E — Ris ‘

integrable on E. |
a) Modifying the proof of Corollary 5.23, prove that fg is integrable ‘
onE. '

b) Prove that f v g and f A g are integrable on E (see Exercise 3.1.8).

12.2.9. Suppose that V is open in R" and that f : V — R is continuous. Prove
that if

/de:O
E

for all nonempty Jordan regions £ C V., then f =0onV.
12.2.10. Suppose that E is a Jordan region and that f : E — Ris integrable.
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a) If f(E) € H, for some compact set A, and ¢ : H — R is continu-
ous, prove that ¢ o f is integrable on E.
*b) Show that part a) is false if ¢ has even one point of discontinuity.
12.2.11. Prove the following special case of Theorem 12.29i. Suppose that E
and Ep are a Jordan regions in R”, and that f : £ — R is bounded. If
f is continuous on E \ Ey, then f is integrable on E.

12.3 ITERATED INTEGRALS

If fOx, ... xk, ..., xj,...,xy) 18 defined for x; € [c,d] and x; € [a,b], j # &k,
then we shall call

d pb nd b
//f(xl,...,x,,)dedxk:/ (/ f(x;,...,x,,)de>d,vk

an iterated integral, when the integrals on the right side exist. In a similar way,
we define higher-order iterated integrals.

In the preceding section we defined the Riemann integral of a multivariable
function but developed no practical way to evaluate it. In this section we show
that, for a large collection of Jordan regions E, integrals over E can be evaluated
using iterated integrals.

For simplicity, we begin with the two-dimensional case. Recall that if ¢ :

[a,b] — R is bounded, then the upper Riemann integral, (U) f:qb(x)dx, and
the lower Riemann integral, (L) fab ¢(x) dx, both exist and are finite.

12.30 Lemma.

Let R = [a, b] x [c, d] be a two-dimensional rectangle and suppose that f :
R — Ris bounded. If f(x, ") is integrable on [c, d] for each x € [a, b), then

b d
(L) / / fdA <L) f ( f f(x,y)dy) dx
R a I
b d
E(U)f (/ f(x,y)dy)dxi(U)f/fdA.
a I R

Proof. Let R;; = [x;—1,x] x [yj—1,y;1, where {xo,...,x;} is a partition
of [a,b] and {yo, ..., ye} is a partition of [c,d]. Then G = (R;; : i =
1,2,...,k j=1,2...,¢}isagridon R.

Let & > 0, choose G so that

(22)

U(f.G)—¢e < (U) //RfdA, (23)

and set

Mij= sup f(x,y). (24)
(x,y)ER;;

Since (1

for any
can writ

b
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FIGURE 12.11

1242 EXAMPLE.

Find the integral of f(x, y, z) = x —z over the region bounded by z = y2, 7 =1,
z=x,andx =0. .

Solution. The region E is a union of two regions of type I (see Figure 12.11,
where the “back” of E is that portion of the plane x = 0 which is bounded by the
parabola z = y?, x = 0 here represented by a dashed line). Therefore, we must
use two integrals if we integrate dz first; the integral where z varies between y?
and 1, and the integral where z varies from x to 1. It looks complicated to set

up. The solution is simpler if we integrate dx first. Indeed, E is a single region
of type III since

E={x,y,0:~1<y<1,y*<z<1,0<x <z

f/Ede=f_llfyj/0Z(x—z)dxdzdy

Thus,

EXERCISES ;
12.3.1. Evaluate each of the following iterated integrals. g
a) fol fol (x+y)dx dy
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12.3.2.

integration on R”

b) f3 fo VX7 Fx dxdy
) Jo Jo yeos(xy) dy dx

Evaluate each of the following iterated integrals. Write each as ap
integral over a region E, and sketch E in each case.

a) [, f_:zH(x + 1) dy dx
b) fol fyl sin(x2) dx dy

1 o, 21,2
O fo [i5ls " dedxdy

| d) fol f\l/y fxlz; Va3 +zdzdxdy

12.3.3.

12.3.4.

12.3.5.

12.3.6.

For each of the following, evaluate f g fdv.

a) f(x,y)=(1+x?)"'and Eisboundedbyx = 1, y = 0,and y = x3,

b) f(x,y) = x+yand E is the triangle with vertices (0, 0), (0, 1), and
(2,0).

c) f(x,y) = x%% and E is the triangle with vertices (0, 0), (1, 0),
and (1, 1).

d) f(x,y,2) = x and E is the set of points (x, v,z)suchthat0 < z <
1-x2, 0<y<x?+z%andx >0,

Compute the volume of each of the following regions.

a) E isbounded by the surfacesx +y+z=3, z =0,and x2 +y? = 1,

b) E lies under the plane z = x +y and over the region in the xy-plane
bounded by the curves x = \/y/2, x =2/, x +y =3.

c) Eisboundedbyz=y%, x =y +272 x =0, 7 =1.

d) Eisboundedby y =x3, x =22, z=x2 and y = 0.

a) Verify that the hypotheses of Fubini’s Theorem hold when fiscon-
tinuous on R.

b) Modify the proof of Remark 12.33 to show that Fubini’s Theorem
might not hold for a nonintegrable f, even if f(x, y) is continuous
in each variable separately; that is, if f(x, -) is continuous for each
x € [a, bl and f(-, y) is continuous for each y € [¢, d].

a) Suppose that f; is integrable on [ag, by] fork = 1, ... ,n, and set
R =1la1,b1] x --- x [an, b,]. Prove that

\/l;fl(xl)---fn(xn) d(x1,...,x,)

by by,
= ( fitxp) dxn) ( Sn(xn) dxn>-
aj an

b) If @ =[0,1]"andy := (1, 1,..., 1), prove that

/e_x’ydxz e—1\"
0 e )

12.3.7.

12.38.

12.3.9.




S

|

12.3.7.

12.3.8.

12.3.9.
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The greatest integer in a real number r is the integer [x] := n which
satisfiesn < x < n 4+ 1. An interval [a, b] is called Z-asymmetric if
b+a#[b]+[a)+ 1.

a) Suppose that R is a two-dimensional Z-asymmetric rectangle (i.e.,
that both of its sides are Z-asymmetric). If ¢ (x, )= (x —|x] -
I/2)(y — [v] — 1/2), prove that Jfe¥dA = 0if and only if at least
one side of R has integer length.

b) Suppose that R is tiled by rectangles R, .. .. Ry (i:e., that the R;’s
are Z-asymmetric, nonoverlapping, and that R = Uf’:l R;). Prove
that if each R; has at least one side of integer length and R is
Z- asymmetric, then R has at least one side of integer length.

Let E be a nonempty Jordan region in R? and f T E = [0,00) be
integrable on E. Prove that the volume of Q@ = {(x, y, 7) : (x,y) € E,
0 <z< f(x, y)} (as given by Definition 12.5) satisfies

Vol(Q) == // fdA.
E

Let R =[a,b] x [c,d] be a two-dimensional rectangleand f : R — R
be bounded.

a) Prove that

w [ /R fdA <L) / ’ ((X) / e dy) dx
=w [ ’ ((X) / "t dy) dx
< (U)”/-/RfdA
forX=UorXx=1_.

b) Prove that if f is integrable on R, then

b. d
J[ raa=][ (@ [ reen ay) ar
R a c
b d
‘——/ ((U)/ fle, ) dy) dx.

¢) Compute the two iterated integrals in part b) for

I yeo
f(x,y)—'ix ng

and R = [0, 1] x [0, 1]. Prove that Jf is not integrable on R.
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*12.3.10. [FuBiNI's THEOREM FOR IMPROPER INTEGRALS]. If ¢ < b are extended contint
real numbers, ¢ < d are finite real numbers, f : (a, b) x [c,d] = Rig hypqth
continuous, and contin

b .
P = [ st ds iy
. : givena €
converges uniformly on [c, d], prove that 7 is said t
d all points
/ fx,y)dy 4 culminate
¢ § use this tc
is improperly integrable on (a, b) and : are C! on
discussion
d rb b pd S harder to
[ [ remaxar=[" [ revayar zero (see
© e 4 ' Since ¢
12.4 CHANGE OF VARIABLES ' ir}llteglr;ble
Recall (Theorem 5.34) that if ¢ : [a, b] -> R is continuously differentiable and . ficz?ly 1??
¢’ # 0on [a, b], then v
[ rwa=[ oo
#(la.bh (.01 Our first
for all f integrable on ¢ ([a, b]). We shall generalize this result to functions of

several variables; namely, we shall identify conditions under which ' 1243 1

: Let W1

on Wun

Jse f(u) du /Ef(sb(X))IA.p(X)I dx (30) on $(W

. . . ) ) i n-dimei

holds. (At this point you may wish to read the discussion following the proof integral
of Theorem 12.46 below to see that Ay takes on a familiar form when ¢ is the

change from polar to rectangular coordinates.)

It takes six or seven hypotheses to establish (30). These hypotheses fall into

two categories:

Proof.

1) Hypotheses made so the change of variables is possible. Since the one- which s

dimensional result required ¢ to be continuously differentiable and ¢’ # 0 : (f1+
(which together imply that ¢ is 1-1), we expect the corresponding hypotheses integral
for (30) to be as follows: ¢ is 1-1, continuously differentiable, and Ag # 0. the inte

2) Hypotheses made so the integrals in (30) exist. There are four of these: E is a the lem

Jordan region, ¢(E) is a Jordan region. f is integrable on ¢(E), and fog| Agl Let ¢
is integrable on E. In practice, only the first and third of the hypotheses in ; such th:
category 2) need be verified. Indeed, if ¢ satisfies all hypotheses in cate- '

gory 1) and E is Jordan, then ¢(E) is Jordan by Theorem 12.10, and, when

f is integrable on ¢(E), f o ®|A4| is integrable on E (see Theorem 12.29ii

and Exercise 12.2.8a). Moreover, the remaining hypotheses in category 2)

can usually be verified by inspection. The reason for this is twofold. E where
is frequently projectable, hence a Jordan region, and most functions are { d(W), v




500 Chapter 12 Integration on R”

where E is the region bounded byy =2x—1, y = 2x + 3, ¥y = —x, ang

y=—-x+1

Soluti _ ' X s . ) - 12.4.3.
olution. Let ¢(x,y) = 2x—y, x + ¥) and observe that the integral in question

looks like the right side of (38) except the Jacobian is missing. By Cramer’s Rule,

for each fixed u, v € R, the systemu =2x —y, v =x+ yhasa unique solution

inx, y. Hence, ¢ is 1-1 on RZ. It is obviously continuously differentiable, and its

Jacobian, _ ’

3u, v) 2

Aglx, y) = = det =3, 5
#(x.) o,y © [1 L ] : : ﬁ

is a nonzero constant. Hence, we can make adjustments to the integral in ques-  } 12.44.
tion so that it is precisely the right side of (38): '

// sin(x + y) cos(2x — y) dA = gl // fod(x, WAg(x, y)d(x, y), l
E JJE ;

where f(u, v) = cosusinv. It remains to compute the left side of (38) (i.e., to
find what happens to E under ¢).

Notice that y = 2x — | impliesu = 1, y = 2x + 3 implies u = -3, y = —y
implies v = 0,and y = —x + | implies v = 1. Thus ¢(E) = [-3,1] x [0, 1].
Applying Theorem 12.46 and the preliminary step taken above, we find

1 1 1
// sin(x + y) cos(2x — y)dA = if / sinvcosu du dv
E 2Jo J-3

1245,

[ .
= 3 (sin(l) + sin(3))(1 — cos(1)). [ ]
EXERCISES
12.4.1. Evaluate each of the following integrals.
2 pad—x2
a) / / sin(x? + y?) dy dx
0 Jo

I px —_—
0 JO

b px
¢) / / Vx2+y2dydx, 0<a<b
a JO

12.4.2. For each of the following, find [/, f dA. 12453.

a) fz(x, ¥) = cos(3x” + y?) and E is the set of points satisfying x2 +
y°/3<1. .
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b) flx,y) =y /x= 2y and E is bounded by the triangle with vertices
| (0,0), (4,0), and (4,2).

| 12.4.3. For each of the following, find g fav.

i a) f(x,y,2) =z2and E is the set of points satisfying 2ry2i2<g
and z > x2 4 y2,
b) f(x.y,2) = ¢% and E is the set of points satisfying x2 + 2 4. ,2 <9,
2432 < l,and z > 0.
€) f(x,.2) = (x - y)z and E is the set of points satisfying x2 1 ,2
2<d,z> Vx2+y2 andx >0,

12.4.4. a) Prove that the volume bounded by the ellipsoid

isdmabc/3.

! b) Leta, b, ¢, d be positive numbers and 72 < d%/(b* + ¢?). Find

! the volume of the region bounded by y? + 72 = r? x = 0, and
ax +by+cz =,

¢) Show that for any a > 0, the volume of the region bounded by the
cylinders x2 + 72 = 42 and V+22=42is 16a3/3.

124.5. a) Compute [ Je V=3 /x F 2y dA, where E is the parallelogram
with vertices (0, 0), (2/3,-1/3),(1,0), (1/3,1/3).

b) Compute [/, J2x2 _ 5, y = 3y2 dA, where E is the parallelogram ‘
bounded by the lines y = x/3, y=x-1/3 y= =2x, y = 1=2x. ‘ é

¢) Find
// e(y—x)/(_\'+X) dA,
E

where E is the trapezoid with vertices (1,1),(2,2), @, 0), (4, 0).
d) Given f)'(1 —x) f(x) dx = 5, find |

1 X
/ / £ =) dy dr.
0 0

12.4.6. Suppose that V is fnonempty and open in R” and that f: v — R" is f
continuously differentiable with Ar # 0on V. Prove that

T o e e gtk 5 o 1

lim YOIE(B, (x0)))
im ——

0+ Vol(B, (xg))  — At(X0)]

for everyxg e V.
12.4.7. Show that Vol is rotation invariant in R%; that is, if ¢ is a rotation on
R? (see Exercise 8.2.9) and E is a Jordan region in R?, then

Vol(¢(E)) = Vol(E).

i
i
!
]
i
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12.4.8. a) Compute the Jacobian of the change of variables from spherica]

coordinates to rectangular coordinates,
b) Assuming that Vol is translation and rotation invariant (see Exer-
cises 12.1.7 and 12.4.7), verify the following classical formulas: the

volume of a sphere of radius r is ‘—‘nr3, and the volume of a ri ht
p 3 g

circular cone of altitude 4 and radius r is nrih/3.

12.4.9. Let Vi = Wjt,...,vj,) € R, j = I,...,n, be fixed. The paral-

[124.10].

12.4.11.

lelepiped determined by the vectors v j is the set
PO covn) = {0y 4 1y, ttp € [0, 1]},

and the determinant of the v,’s is the number

det(vi...., v,) = det[v;]

nxn "’
Prove that

Vol(P(vy,...,v,)) = ldet(vy, ..., v,)].

Check this formula forn = 2 and n = 3 to see that it agrees with the
classical formulas for the area of a parallelogram and the volume of a
parallelepiped. :

This exercise is used in Section *12.6.

a) Prove that the improper integral fooo e~ dx converges to a finite
real number.

b) Prove that if / is the value of the integral in part a), then

N—ooo J:

/2 AN 5
1> = lim / e "rdrdo.
0] 0

c¢) Show that

2

d) Let O represent the n-dimensional cube [k, k] x -+ x [—k, k].
Find '

/ooe'_"r2 dx = ﬁ
0

lim [ P gy
k=00 J 0

Let H ¢ Vv C R”, with H convex and V open, and suppose that
¢:V > R'isCl

a) Show that if E is a closed subset of H¢ and
€n(X) == ¢(x+ h) — ¢(x) — D¢(x)(h), forxe Vandh small,

then ep(x)/|lh|| — 0 uniformly on E, as h — .

*12.5 PARTITIONS
This sect

In this s
smooth
prove a
set of vo
Theoren

then spt
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b) Show that if R is a closed rectangle in H? and § = (D¢(x))"!
exists for some x € R, then given ¢ > 0 there are constants § > 0
and M > 0 and a function 7'(x.y) such that

So¢(x)—So¢(y)::x—-y+T(x,y)

forx,y € R, and ||T(x.y)|| < Me when ix -yl <.

¢) Use parts a) and b) to prove that if Ag is nonzeroon V, x € H,
and ¢ is sufficiently small, then there exist numbers C. > 0, which
depend only on H, @, n, and ¢, and a 8 > 0 such that C, — 1
as e — O and Vol(S o ¢(Q)) < C,|Q]| for all cubes Q C H which
contain x and satisfy Vol(Q) < 4.

d) Use part ¢) and Exercise 12.4.9 to prove that if Ag is nonzero on
V and x € H*, then given any sequence of cubes Q; which sat-
isfy x € 0 and Vol(Q;) — 0as j — oo, it is also the case that
Vol(¢(Q))/1Q,1 = [Ag(x)] as j — oo.

*12.5 PARTITIONS OF UNITY
This section uses results from Section 9.5.

In this section we show that a smooth function can be broken into a sum of
smooth functions, each of which is zero except on a small set, and use this to
prove a global change-of-variables formula when the Jacobian is nonzero off a
set of volume zero. This same technique can be used to prove the Fundamental
Theorem of Calculus on manifolds (see [12], for example). Q

12.52 Definition.
Let f: R" - R.

1) The support of f is the closure of the set of points at which f is nonzero; v
that is, iy

spt f :=={xe R": f(x) #0). p

ii) A function f is said to have compact support if and only if spt f is a com- !
pact set. (

12.53 EXAMPLE.
If

l xeqQ

S = x¢Q,

<

then spt f = R.




