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FIGURE 8.3

By (2), there is a close connection between dot products and cosines. The
following result shows that there is a similar connection between cross products
and sines.

8.10 Remark. Letx,y be nonzero vectors in R? and 6 be the angle between x and
y. Then

fx x yll = x| iyl sin®.

Proof. By Theorem 8.9vi and (2),

Ix x yiI2 = (lx]l lylh? = ClIxll 1yl cos 6)*
— (Ix]l lyID3(1 = cos?6) = (lIx]l Iyl sin® 6. (]

This observation can be used to establish a connection between cross products
and area or volume (see Exercise 8.2.7).

EXERCISES
8.1.1. Letx,y,z<c R".

a) If |x—zj <2andfly —z| < 3, prove that |x — y|| <5.

b) If x| <2, llyll <3, and ||z|| < 4, prove that [x -y —x-z| < 14.

¢) If |x —yll <2and |z| <3, prove that |x- (y —2z) -y (x—12z)| <6.
d) If2x — yll <2and |y} < 1, prove that | {x — yI? —x-x| <2

e) Ifn=3, IIx—-yl <2, and ||z| < 3, prove that |[x x z —y x z|| < 6.
f) Ifn=3, x|l <1, Iyl < 2, and ||z < 3, prove that ||x- (y x 2)|| < 6.
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Let B:={xeR": |x|| < 1}.
a) Ifa,b,c e Band

Vi (a-b)c+(a-c)b+4 (c-b)a
» - 3 k2

prove that v belongs to B.
b) Ifa,b € B, prove that

ja-e—b-d| < |b—cll+a—d|

foralle,d € R".
c) Ifa,b,c € Bandn = 3, prove that

\ﬂa-(bxc)|2+|a-b|25 1.

Use the proof of Theorem 8.5 to show that equality in the Cauchy-
Schwarz Inequality holds if and only if x = 0, y = 0, or x is parallel
toy.

Let a and b be nonzero vectors in R".

a) If ¢(r) = a + tb for ¢+ € R, show that for each g, 11,2 € R with
1, b 1o, the angle between ¢ (t) — ¢ (f0) and ¢ (r2) — ¢ (1) isOorm.

b) If 6 is the angle between a and b, show that a and b are parallel
according to Definition 8.4 if and only if ¢ = 0 or 7, and thata and b
are orthogonal according to Definition 8.4 if and only if & = 7/2.

The midpoint of a side of a triangle in R3 is the point that bisects that
side (i.e., that divides it into two equal pieces). Let A be a triangle in R?
with sides A, B, and C and let L denote the line segment between the
midpoints of A and B. Prove that L is paraliel to C and that the length
of L is one-half the length of C.

a) Prove that (1,2,3),(4,5,6), and (0, 4, 2) are vertices of a right triangle
in R3.

b) Find all nonzero vectors orthogonal to (1, ~1,0) which lie in the
plane z = x.

¢) Find all nonzero vectors orthogonal to the vector (3,2, —5) whose
components sum to 4.

Let a < b be real numbers. The Cartesian product [a, b] x [a, b] is

obviously a square in R?. Define a cube Q in R" to be the n-fold Carte-

sian product of [a, b] with itself; that is, Q := [a, b] x -+ x [a, b]. Find

a formula of the angle between the longest diagonal of Q and any of

its edges. Show that when n = 3, this angle is approximately 54.74

degrees.

a) Using Postulate 1 in Section 1.2 and Definition 8.1, prove Theo-
rem 8.2.

b) Prove Theorem 8.9, parts i) through iii) and vi).

¢) Prove thatifx,y € R3, then |x x y|| < IIx]| Iyl
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8.1.9. Suppose that {a;} and {b;} are sequences of real numbers which satisfy

o0

o8]
Za,?, < oo and be < 00.

k=1 k=1

Prove that the infinite series Y p.; akbx converges absolutely.
8.1.10. Prove that the £'-norm and the sup-norm also satisfy Theorem 8.6.

8.2 PLANES AND LINEAR TRANSFORMATIONS

A plane /7 in R? is a set of points that is “flat” in some sense. What do we mean
by flat? Any vector that lies in IT is orthogonal to a common direction, called
the normal, which we will denote by b. Fix a point a € IT. Since the vector
x —alies in 17 for all x € IT and since two vectors are orthogonal when their dot
product is zero, we see that (x — a) - b = 0 for all x € IT (see Figure 8.4).

Using this three-dimensional case as a guide, for any a,b € R" with b # 0, we
call the set

My@):={xeR":(x—a) -b=0}

the hyperplane in R" passing through a point a € R"” with normal b. (We call it a
plane when n = 3.) In particular, ITp(a) is the set of all points x such that x — a
is orthogonal to b.

There is nothing unique about “the normal” of a hyperplane: Any nonzero
vector ¢ parallel to b will define the same hyperplane. Indeed, if b and ¢ are
parallel, then, by definition, b = tc¢ for some nonzero ¢ € R; hence (x—a)-b=0
if and only if (x —a) - ¢ = 0. Nevertheless, many properties of hyperplane can be

Ap

FIGURE 8.4
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*8.18 Remark. /fT:R" — R" and U: R" — R” are linear, then so is UoT. In
fact, if B is the m x n matrix which represents T, and C is the p x m matrix which
represents U, then C B is the matrix which represents U o T.

Proof. Letey, ..., e, be the usual basis of R", uy, ..., u, be the usual basis
of R™, and wy, ..., W, be the usual basis of R”. If B = [b;;]mx. represents T
and C = [cuk]pxm represents U, then, by Theorem 8.15,

m
Y byue = (bij ..o bwp) =T, j=12,...n,
k=1

and
P
chkwu=(c1k,...,c,,k)=U(Uk), k=1,2,...,m.

v=1

Hence

(UoT)(ej) = U(T(e;)) =U (Z bkjuk) =Y biUw)
k=1

k=1

m P m m
= ZZ”WM = (}: bijCiks - - - Zbkjcpk>
k=1 k=1

k=1 v=1

for each 1 < j < n. Since this last vector is the jth column of the matrix CB,
it follows that C B is the matrix which represents Uo T. n

EXERCISES
8.2.1. Leta,b,c € R3.

a) Prove that if a, b, and ¢ do not all lie on the same line, then an
equation of the plane through these points is given by (x, y,2) -d =
a-d, where

d:=(@-b)x(a—-c).

b) Prove that if ¢ does not lie on the line ¢(t) = ta+b, ¢ € R, then an
equation of the plane that contains this line and the point ¢ is given
by (x,y,z)-d=b-d,whered :=a x (b —¢).

8.2.2. a) Find an equation of the hyperplane through the points (1, 0, 0, 0),
(2,1,0,0),(0,1,1,0),and (0,4, 0, 1).
b) Find an equation of the hyperplane that contains the lines ¢(r) =
(gt Dand () =, ¢, 1 +1¢,1), t e R
¢) Find an equation of the plane parallel to the hyperplane x; + --- +
x, = 7 passing through the point (1, 2, ..., n).
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8.2.3. Find two lines in R* which are not parallel but do not intersect.
8.2.4. Suppose that T € L(R"; R™) for some n, m € N.

a) Find the matrix representative of T if T(x,y.z,w) = (0,x + v,
x—z,x+y+w.
b) Find the matrix representative of T if T(x, y,2) = x — y + Z.
c¢) Find the matrix representative of T if T(x, x2,...,x;) = (x] — x,.
/ X, = Xy).
¢ 8.2.5. Suppose that T € L(R"; R™) for some n, m € N.
a) If T(1, 1) = (3, 7,0) and T(0, 1) = (4, 0, 1), find the matrix represen-
tative of T.
b) If T(1,1,0) = (e, ), T(0,—1,1) = (1,0), and T(L, 1, -1) = (1, 2),
find the matrix representative of T.
c) IfTO,1,1,0) = (3,5), T, 1,—1,0) = (5,3), and T(0,0,0, —-1) =
(m, 3), find all possible matrix representatives of T.
d) If T(1,1,0,0)=(5,4,1),T0,0,1,0) = (1,2,0), and T©0, 0,0, —1) =
(m, 3, 1), find all possible matrix representatives of T.

8.2.6. Suppose that a, b, ¢ € R? are three points which do not lie on the same
straight line and that IT is the plane which contains the points a, b, ¢.
Prove that an equation of [7 is given by

X —qa y—a Z— a3
det| by —~a; by—ay by—az| =0.
cl—ay c—a c3—a3

. This exercise is used in Appendix E. Recall that the area of a parallel-
ogram with base b and altitude 4 is given by bk, and the volume of a
parallelepiped is given by the area of its base times its altitude.

a) Leta, b € R? be nonzero vectors and P represent the parallelogram
{(x.y,2) =ua+vb:u,vel01]).

Prove that the area of P is ||]a x b|.

b) Let a,b,¢ € R’ be nonzero vectors and P represent the paral-
lelepiped

{x,y,)=ra+ub+ve:r,u,vel01]).

Prove that the volume of P is |(a x b) - ¢|.

8.2.8. The distance from a point xg = (xp, v, zg) to a plane IT in R? is defined
to be

0 Xg € IT
vl xo ¢ 1T,

dist (xq, IT):=

i O B S e R

where
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where v := (xp — X1, Y0 — ¥1. 0 — 21) for some (xi, y1.z1) € [T, and v
is orthogonal to IT (i.e., parallel to its normal). Sketch I7 and xo for a
typical plane IT, and convince yourself that this is the correct definition.
Prove that this definition does not depend on the choice of v, by showing
that the distance from Xp (xo, Y0, 20) to the plane IT described by

ax +by+cz=dis

laxo + byo + ¢z0 — d|

dist (xg, [T) =

Var+ b+ ¢?
[ROTATIONS IN R?]. This exercise is used in Section *15.1. Let
B = |©O8 # —sinf
~ |sinf cosf

for some 6 € R.

a) Prove that || B(x, y)|| = ll(x, | for all (x, y) € RZ.

b) Let (x,y) € R2 be a nonzero vector and ¢ represent the angle
between B(x, y) and (x, y). Prove that cosg = cos@. Thus, show
that B rotates R? through an angle 6. (When 6 > 0, we shall call B
counterclockwise rotation about the origin through the angle 6.)

For each of the following functions f, find the matrix representative of a
linear transformation T € L(R; R™) which satisfies

i If(x + h) — f(x) — T(W

im =0.
h—0 h
a) f(x) = (x2, sinx)

b) f(x) = (¢, ¥x, 1 — x2)

¢) f(x) = (1,2, 3.x2+x,x2—Xx)

Fix T € L(R"; R™). Set

My = sup |T(x)|l and
x| =1

M, = inf{C > 0: | T(x)|| < C|x| for all x € R"}.

a) Prove that M; < |[T|.
b) Using the linear property of T, prove that if x = 0, then

Il _
I

¢) Prove that My = M2 = | T||.




